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ABSTRACT 
 
A successful application of the acid fracturing stimulation in naturally fractured carbonate 
reservoirs is challenged by an increased acid leakoff into natural fractures intersecting a 
hydraulically induced (main) fracture. This may limit the propagation of the main fracture resulting 
in conductivity reduction. At the same time, the etching of the natural fractures by the leakoff acid 
may increase the overall conductivity of the fracture system resulting in enhanced well 
productivity. The effect of the natural fractures on the efficiency of acid fracturing stimulation 
treatment is not fully understood. A model was developed to evaluate the acid fracturing 
performance in naturally fractured carbonate reservoirs. 
The model simulates an acid fracturing stimulation and production in a vertical well located 
in the center of a rectangular reservoir. The well contains a bi-wing vertical hydraulically induced 
fracture intersected by symmetric transverse natural fractures. The model simulates the acid flow 
and reaction in both the hydraulically induced fracture and the natural fractures. The acid leakoff 
is simulated by modeling the flow through the porous media. The model estimates the conductivity 
of the main fracture and the natural fractures based on the final fracture width achieved during the 
acid injection. Finally, the well productivity is calculated by simulating the flow through the 
porous media, including the main fracture and the natural fractures.  
Simulation results showed that the presence of natural fractures may enhance the post-
stimulation productivity compared to the reservoirs without natural fractures. It was found that the 
natural fracture length and spacing had a significant effect on the stimulation efficiency. The well 
productivity decreased with increasing natural fracture length. Also, for very closely spaced and 
very widely spaced natural fractures the post-stimulation productivity in a naturally fractured 
 iii 
 
reservoir was lower than the productivity in a reservoir without natural fractures. The well 
productivity could be enhanced by increasing the injection rate. In high permeability formations 
the performance was improved by increasing the total volume of acid injected in order to 
compensate for a high acid leakoff rate. 
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NOMENCLATURE 
 
𝐴    cross-sectional area 
𝐵    formation volume factor 
𝑐𝑡    total compressibility of the reservoir  
𝐶    concentration of the acid as a function of position  
𝐶̅    average concentration of the acid  
𝐶0    initial concentration of the acid  
𝐶1, 𝐶2   coefficients in the fracture conductivity correlations 
𝐶𝐵    concentration of the acid at the fracture wall 
𝐶𝑐    compressibility leakoff coefficient  
𝐶𝑒𝑞   equilibrium concentration 
𝐶𝐿    total leakoff coefficient 
𝐶𝑣    viscous leakoff coefficient 
𝐶𝑣,𝑤ℎ   modified viscous leakoff coefficient 
𝐶𝑤   wall building leakoff coefficient 
𝑑ℎ
𝑑𝑙
    hydrostatic head gradient 
𝑑𝑖𝑗   rate of deformation tensor 
𝐷     fracture spacing 
𝐷𝑒    effective acid diffusivity 
𝑔    acceleration of gravity 
𝐺𝑛   constants in the analytical solution for acid penetration in the fracture 
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ℎ𝑓    height of the fracture  
𝐻     height of the fracture domain  
𝐽𝐷   dimensionless productivity index  
𝐽𝐷𝑝𝑠𝑠   dimensionless productivity index at pseudo-steady state 
𝑘     permeability of the formation  
?̅?    average permeability of the formation  
𝑘𝑓    permeability of the fracture  
𝑘𝑔    mass transfer coefficient 
𝑘𝑟    reaction rate constant 
𝑘𝑟𝑎   relative permeability to acid 
𝑘𝑟𝑜   relative permeability to oil 
𝐾     hydraulic conductivity 
𝐿    length of the fracture domain  
𝐿𝑥    length of the reservoir  
𝐿𝑦    width of the reservoir 
𝑚    reaction order 
𝑀𝑊𝑎   molecular weight of acid 
𝑛    fluid consistency index 
𝑁𝑁𝑢   Nusselt number 
𝑁𝑃𝑒    Peclet number 
𝑁𝑅𝑒   Reynolds number 
𝑁𝑅𝑒
∗  fluid loss Reynold number 
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𝑁𝑆𝑐    Schmidt number 
𝑁𝑆ℎ   Sherwood number 
𝑝     pressure as a function of position 
?̅?    average pressure in the reservoir  
𝑝𝑒    back-pressure 
𝑝𝑓    pressure in the fracture 
𝑝𝑖     initial pressure in the reservoir 
𝑝𝑚   pressure in the rock matrix 
𝑝𝑟    pressure in the reservoir 
𝑝𝑤    pressure at the well 
𝑃𝑉𝑏𝑡   pore volume to break through 
𝑞     flow rate 
?̃?    source/sink 
𝑞𝑖    injection flow rate 
𝑞𝐿    leakoff flow rate 
𝑞𝐿𝑎𝑑𝑗   adjusted leakoff flow rate 
𝑞𝐿𝑛𝑓   leakoff flow rate into the natural fracture 
𝑞𝑡𝑜𝑡   total leakoff flow rate  
𝑟𝑒    drainage radius of the reservoir 
𝑟𝑤    wellbore radius 
𝑅𝐸𝑆    rock embedment strength  
𝑠     skin factor 
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𝑆𝑎    acid saturation 
𝑆𝑜    oil saturation 
𝑡    cumulative time of injection  
𝑡𝑝    time of pad injection 
𝑡𝑝𝑠𝑠   time to reach pseudo-steady state flow 
𝑡𝐷𝐴𝑝𝑠𝑠   dimensionless time to reach pseudo-steady state flow 
𝑇     transmissibility 
?̅?    average velocity  
𝑣𝐿    leakoff velocity 
𝑣𝑥, 𝑣𝑦 , 𝑣𝑧 velocity components in 𝑥-, 𝑦-, z-directions, respectively 
𝑉    total volume of acid injected 
𝑤    width of the fracture  
?̅?    average width of the fracture 
𝑤𝑒    etched width of the fracture 
𝑤𝑖   ideal width 
 ?̅?𝑖   average ideal width 
𝑤𝑚   penetration distance of the acid perpendicular to the fracture wall 
𝑤𝑛𝑓   width of the natural fracture 
𝑤𝑘𝑓   conductivity of the fracture  
𝑥𝑓    half-length of the fracture 
𝛼    Biot’s poroelastic constant 
𝛽   gravimetric dissolving power of acid  
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∆𝑝   pressure difference between the fracture and the reservoir 
Γ    dimensionless concentration 
𝜀    dimensionless length 
𝜂    fraction of acid to react with fracture walls before leaking off  
𝜆𝑛   eigenvalues in the analytical solution for acid penetration in the fracture 
𝜆𝐷,𝑥   dimensionless horizontal correlation length 
𝜆𝐷,𝑧    dimensionless vertical correlation length 
𝜇     viscosity of the reservoir fluid  
𝜇𝑎𝑝𝑝  apparent viscosity 
𝜇𝑓    viscosity of the fracture fluid  
𝜉    dimensionless width 
𝜌    density of the fluid  
𝜌𝑎   density of the acid 
𝜌𝑜    density of the oil 
𝜌𝑟    density of the rock 
𝜎    shape dependent constant 
σ1    maximum compressive stress  
σ2    intermediate compressive stress 
σ3    minimum compressive stress 
𝜎𝑐    closure stress 
𝜎𝐷    dimensionless standard deviation 
𝜎ℎ   minimum horizontal stress  
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𝜈     Poisson’s ratio 
𝜎𝑣
′     effective vertical stress 
𝜑     porosity of the formation  
𝜒     volumetric dissolving power of the acid 
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1 INTRODUCTION 
 
1.1 Background and Motivation of the Study 
Productivity of a well depends on various parameters, including permeability of formation 
in near-wellbore area and deeper into the reservoir. If the original formation permeability is low 
or the near-wellbore permeability was reduced due to formation damage of that region, the well 
stimulation is necessary, in order to maintain   efficient production. In carbonates, well stimulation 
is usually achieved by injecting hydrochloric (HCl) acid, pure or mixed with additives, into the 
formation. Acid reacts with carbonate minerals, calcite and dolomite, dissolves the rock, and 
produces water and carbon dioxide as byproducts of the chemical reaction: 
Limestone: CaCO3 + 2HCl → CaCl2 + CO2 + H2O     
Dolomite: CaMg(CO3)2 + 4HCl → CaCl2 + MgCl2 + 2CO2 + 2H2O           (1) 
Matrix acidizing is a  preferred stimulation method when the purpose  is to recover or 
increase near-wellbore permeability. Acid is injected at pressure below the formation breakdown 
pressure in order to create long conical-shaped, branched channels, referred to as wormholes. 
These wormholes form due to non-uniform dissolution of carbonate rock by hydrochloric acid and 
penetrate deep into the formation, bypassing the damaged zone. As a  result of the matrix acidizing 
stimulation, the formation skin factor can be reduced significantly. 
When the original permeability of the reservoir is low, normally below 10 md, a more 
aggressive stimulation method, such as acid fracturing, is required. The objective of the acid 
fracturing treatment is to create long conductive pathways (fractures) to enhance fluid flow from 
the reservoir into the wellbore. Unlike in the matrix acid stimulation, during the acid fracturing, 
fluid is injected into the formation at pressures higher than the formation breakdown pressure, in 
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order to create a fracture and keep it open throughput the treatment. In acid fracturing, a non-
reactive viscous pad fluid is injected into the formation to initiate a fracture, followed by injecting 
hydrochloric acid, so it reacts with the rock at the fracture faces. Acid dissolves the rock unevenly, 
creating a rough surface due to heterogeneous nature of the rock. The process of non-uniform 
dissolution of rock by acid is referred to as differential etching. When the treatment is completed 
and the injection is stopped, formation closure stress starts acting on the fracture walls, causing 
the fracture to seal. However, because of the uneven surface created by differential etching, a 
conductive path will remain for fluid to flow from the reservoir into the well. The flowing ability 
of the fracture created during acid fracturing process is defined by the fracture conductivity, which 
is a product of fracture permeability and fracture width.  
Virtually all carbonate formations contain natural fractures. The physical characteristics of 
fractures are defined by their origin, mechanical properties of the host rock, and diagenesis process. 
Combination of these factors create fractures that can be either favorable or unfavorable for fluid 
flow in a reservoir and can either positively or negatively affect stimulation efficiency and well 
productivity. The main parameters that determine the fluid flow properties of individual natural 
fractures and the fracture network are the fracture width, the fracture spacing, and the 
interconnectivity of the fractures inside the fracture network. Overall, the fracture permeability 
increases with increasing fracture width and decreasing fracture spacing.  
During the acid fracturing stimulation treatment in a carbonate reservoir, acid injection into 
formation at a high rate and pressure will induce fractures (main fractures) and will open existing 
natural fractures. The hydraulically induced fracture is referred to as hydraulic fracture throughout 
this dissertation. When formation contains a large amount of natural fractures, the acid fracturing 
stimulation treatment is challenged by an increased acid loss from the hydraulic fracture into 
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intersecting natural fractures. This can limit the main fracture growth and reduce the effective 
fracture length. At the same time, the acid that leaks into the natural fractures reacts with the natural 
fracture walls, increasing the fracture width and generating additional conductivity. On the other 
hand, the reduction of the acid volume in the hydraulic fracture due to the acid leakoff into the 
natural fractures may result in lower conductivity of the main fracture.  
There are multiple publications on improving the acid fracturing efficiency in naturally fractured 
reservoirs, many of which focus on using viscoelastic acid systems with diverters to reduce the 
acid loss form the main fractures by bridging the natural fractures (Rahim et al. 2017; Williams 
et al. 2016; McCartney et al. 2017). However, the effect of natural fractures on the efficiency of 
the acid fracturing treatment and created fracture conductivity is not fully understood.  
In contrast to matrix acidizing, there is a limited number of publications on the modeling 
of acid fracturing process in naturally fractured carbonate reservoir. Existing acid fracturing 
models estimate the fracture conductivity by assuming the acid flow and reaction in the hydraulic 
fractures only, while neglecting the effect of etching of the natural fractures by acid and their 
contribution to the overall conductivity of the fracture system. In order to improve the prediction 
of the acid fracturing performance in naturally fractured carbonate reservoirs, a model is required 
that accounts for conductivity generation in both hydraulically induced and natural fractures and 
estimates post-stimulation productivity based on the overall conductivity of the fracture system 
rather than conductivity of the hydraulic fractures alone. Such a model will allow to accurately 
assess the role of natural fractures on acid fracturing stimulation efficiency by investigating the 
effect of natural fracture properties and treatment conditions on created fracture conductivity and 
the resultant well productivity. 
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1.2 Objectives  
The main objective of this study is to develop a mathematical model that will allow to 
better predict the performance of acid fracturing stimulation in naturally fractured carbonate 
reservoirs and to improve the efficiency of acid fracturing application for these types of formations. 
The model will have the following capabilities: 
1. Estimate the acid leakoff from the hydraulic fracture and the natural fractures. 
2. Solve for the acid flow velocities and concentration profile in the hydraulic fracture. 
3. Resolve the acid concentration profile in the natural fractures intersecting the hydraulic 
fracture. 
4. Calculate the fracture widths and conductivities for the hydraulic fracture and the 
natural fractures. 
5. Calculate the post-stimulation productivity of the well in a naturally fractured carbonate 
reservoir. 
6. Conduct a sensitivity study to evaluate the effect of the natural fractures on the well 
productivity. 
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2 LITERATURE REVIEW 
 
2.1  Acid Fracturing Well Stimulation in Naturally Fractured Carbonate Reservoirs 
2.1.1 Acid Fracturing Stimulation Overview 
The purpose of acid fracturing stimulation is to create long and highly conductive fractures, 
which serve as a pathway for the fluid to flow from the reservoir to the wellbore. Acid fracturing 
treatment normally consists of several stages, during which a viscous non-reactive pad fluid and 
acid are intermittently injected into formation. The treatment is designed to achieve a greater 
fracture length and conductivity by estimating the type and concentration of acid system, the 
volume of injected fluids, and the duration of injection for each stage. At the beginning of the 
treatment a water-based pad fluid is injected into formation to initiate a fracture. Then, alternating 
stages of acid and pad are injected followed by flush stage (Kalfayan 2001). The injection of 
intermittent stages of pad has a purpose of cooling down the formation to reduce the acid reaction 
rate and, as a result, increase the depth of acid penetration (Zaeff et al. 2007). Also, it creates a 
filtercake on the fracture surface, which helps to decrease the acid loss into formation (Coulter et 
al. 1976; Zaeff et al. 2007). In addition to that, alternating injection of pad and acid promotes 
viscous fingering phenomenon that takes place inside the fracture when less viscous acid pushes 
more viscous pad fluid down the fracture (Kalfayan 2001). This helps to generate rough etching 
surface with channels on fracture face, which increases the fracture conductivity.  
The acid fracturing stimulation efficiency is defined by the fracture penetration into the 
reservoir, and by the magnitude of fracture conductivity and conductivity distribution along the 
fracture length. The depth of acid penetration is controlled by reaction rate of the acid with the 
rock and acid injection rate. The reactivity of hydrochloric acid is high, and it instantly reacts with 
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calcite even at room temperature. In order to achieve deeper acid penetration it is important to 
reduce the reaction rate between the acid and the carbonate mineral. This process is known as acid 
retardation, which is applied especially for effective acid fracturing stimulation in limestone 
formations at high reservoir temperature when the reaction rate is extremely high. The retardation 
can be achieved by either decreasing the diffusion rate by mixing acid with diesel and creating 
acid-internal emulsion (Nierode and Kruk 1973) or by mixing acid with gelling agents and 
increasing acid viscosity (Nierode and Williams 1971; Nierode and Kruk 1973). The reaction rate 
of emulsified acid is approximately 20 times lower than that of a straight acid (Buijse and van 
Domelen 1998). Reduced reaction rate is caused by slower diffusion of acid through the diesel 
phase towards the fracture walls (Buijse and van Domelen 2000). The rate of reaction between 
gelled acid and calcite is about 10 times slower compared with the reaction rate of straight 
hydrochloric acid of the same concentration (Buijse and Domelen 1998).  
Another parameter that affects the acid penetration distance is acid leakoff (Nierode et al. 
1972; van Domselaar et al. 1973), which depends on the properties of acid and formation (Gdanski 
1993) and tends to increase with time. During leakoff, acid flows into the reservoir in direction 
perpendicular to the fracture walls and reacts with rock at fracture face and inside the reservoir. 
Acid that is spent on the fracture surface will contribute to etching and fracture width increase. At 
the same time, acid that leaked off into the reservoir will react with the rock and unevenly dissolve 
it creating wormholes. As the wormholes continue to grow, they increase the effective surface area 
available for acid loss and, as a result, acid leakoff increases with time (Daccord et al. 1989; 
Crowe et al. 1989). 
The wormhole structure depends on various parameters, such as injection rate, flow 
geometry, reaction kinetics, and mass transfer rate (Economides et al. 2013). At low injection rates 
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wormholes have a shape of a large conical channels. As the injection rate increases, the narrower 
wormholes with a branched structure are formed. The experimental results (Fredd and Fogler 
1998; Buijse and Glasbergen 2005; Furui et al. 2010) showed that for a given rock and acid system 
at a given temperature, a minimum amount of acid required for the wormhole to break through the 
core exists for an optimum flow rate of the acid.  Unlike in matrix acidizing, in acid fracturing the 
extensive growth of wormholes may decrease the treatment efficiency due to increased acid loss 
into formation (Crowe et al. 1989). As a result, a lower acid volume is available for reacting with 
the fracture walls and creating conductivity. At some certain time during the treatment, the leakoff 
rate may reach or even exceed the injection rate (Smith and Montgomery, 2015).  
To control acid leakoff, the acid systems with increased viscosity can be used. Gelled acid 
is a type of viscosified acid system that can be used to reduce leakoff (Crowe et al. 1989; Gdanski 
1993; Mukherjee and Cudney 1993). Gelled acid is prepared by mixing hydrochloric acid with 
various polymer gelling agents to increase acid viscosity. Another type of acid system that is 
commonly used to reduce leakoff during acid fracturing is a crosslinked acid (Pabley and Holcomb 
1982; Deysarkar et al. 1984; Gdanski 1993). For this type of acid the viscosity can be increased 
either by crosslinking at the surface or downhole. Surface crosslinking is achieved by mixing 
straight acid with polymer, crosslinker, activator, and other additives (Saxon et al. 2000) to 
increase acid viscosity at the surface. Downhole crosslinking occurs due to reaction of acid with 
carbonate minerals and developing in situ viscosity (Taylor and Nasr El-Din 2003). For downhole 
crosslinking the acid is mixed with polymer, crosslinker, buffer, and other additives. Another type 
of acid system with enhanced viscosity is a self-diverting viscosified acid (SDVA) system (Chang 
et al.  2001; Al-Mutawa et al. 2003; Taylor et al. 2003). SDVA is prepared by mixing hydrochloric 
acid with viscoelastic surfactant. As the acid reacts with calcite and dolomite minerals, both 
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concentration of calcite ions and pH increase. This causes the molecules of viscoelastic surfactant 
to form a rod-like micelles, and the subsequent entanglement of micelles results in a viscosity 
increase. The advantage of SDVA over gelled and crosslinked acids is that it does not contain 
polymers that may create a residue on the fracture walls and decrease the fracture conductivity.  
In addition to enhancing acid viscosity, leakoff can be controlled by using acid systems 
containing solid particulate diverters or fiber-laden diverters. Gdanski (1993) studied 
experimentally the fluid loss control during acid fracturing and concluded that acid leakoff can be 
significantly reduced by using solids for plugging and bridging wormholes.  Rahim et al. (2017) 
presented results for successful application of degradable multi-modal particulate diverters mixed 
with fibers to enhance the leakoff control in near wellbore region and to improve the efficiency of 
acid fracturing treatment in heterogeneous formation.  Williams et al. (2016) conducted an 
experimental study on improving the acid leakoff control by using far-field solid particulate 
diverters which effectively bridge wormholes and hairline fractures away from the wellbore 
region. The field application of this type of diverters along with the near-wellbore diverters showed 
an improved fracture conductivity and the overall efficiency of the acid fracturing treatment in 
heterogeneous carbonate reservoir containing natural fractures (McCartney et al. 2017). 
Leakoff is governed by a compression of reservoir fluids, a depth of invaded zone filled 
with viscous fracturing fluid, and a filtercake that may form on a fracture face. The viscous leakoff 
coefficient, 𝐶𝑣, and compressibility leakoff coefficient, 𝐶𝑐, can be estimated from reservoir rock 
and fluid properties. The wall building leakoff coefficient, 𝐶𝑤, can be evaluated experimentally by 
measuring the amount of filtrate that passes through a core wafer per unit area at constant pressure 
and by plotting it against  the square root of time.  
The individual leakoff coefficients are given by Schechter (1992), 
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𝐶𝑣 = √
𝜑𝑘
2𝜇𝑓
∆𝑝                              (2) 
𝐶𝑐 = √
𝜑𝑐𝑡𝑘
𝜋𝜇
∆𝑝                           (3) 
𝐶𝑤 =
𝑚
2
                             (4) 
where 𝜑 is the formation porosity, 𝑘 is the formation permeability, 𝑐𝑡 is the total reservoir 
compressibility, 𝜇𝑓 is the fracture fluid viscosity, 𝜇 is the reservoir fluid viscosity, ∆𝑝 is the 
pressure difference between the fracture and the reservoir, and 𝑚 is the slope of the curve that is 
obtained during the laboratory measurements described above. One of the ways to combine all the 
three leakoff coefficients and to calculate the total leakoff is based on summing up individual 
contribution of the viscous effect, the wall building effect, and the compressibility effect to the 
overall pressure drop between the fracture and the reservoir. The total leakoff coefficient is defined 
by Schechter (1992) as  
𝐶𝐿 =
−
1
𝐶𝑐
+√
1
𝐶𝑐
2+4(
1
𝐶𝑣
2+
1
𝐶𝑤
2 )
2(
1
𝐶𝑣
2+
1
𝐶𝑤
2 )
                            (5) 
In contrast to hydraulic fracturing, in acid fracturing the wall building coefficient, 𝐶𝑤 is 
significantly higher than the other two leakoff coefficients. When straight acid is used, no filter 
cake is formed on the fracture face, and 𝐶𝑤 is considered to be infinite. Therefore, in acid fracturing 
the effect of filter cake resistance to flow on the total leakoff coefficient can be neglected. In 
addition, during acid fracturing wormholes growth will extend into the invaded zone increasing 
the leakoff, and the viscous leakoff coefficient should be corrected for this effect. Hill et al. (1995) 
proposed a modified viscous leakoff coefficient, 𝐶𝑣,𝑤ℎ which is related to the regular viscous 
leakoff coefficient by the following expression 
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 𝐶𝑣,𝑤ℎ = √
𝑃𝑉𝑏𝑡
𝑃𝑉𝑏𝑡−1
𝐶𝑣,                             (6) 
where 𝑃𝑉𝑏𝑡 is the acid pore volume to break through. If 𝑃𝑉𝑏𝑡 is equal to 1, then the velocity of 
wormhole propagation is equal to the velocity of the injected fluid front. This means that there is 
no resistance to the flow in the invaded zone (𝐶𝑣,𝑤ℎ is infinite), and the leakoff depends only on 
the wall building effect and the reservoir compressibility. If 𝑃𝑉𝑏𝑡<1, which can be the case for the 
injection of concentrated acid into limestone formation, then the wormhole propagation velocity 
is greater that the injected fluid front velocity. In this case, the denominator in Equation 6 is equal 
to zero, and the equation is no longer applicable for 𝐶𝑣,𝑤ℎ calculation. 
The leakoff velocity, 𝑣𝐿 is determined by the following equation: 
𝑣𝐿 =
𝐶𝐿
√𝑡−𝑡𝑝
 ,                           (7)  
where 𝑡 is the cumulative time of injection, and 𝑡𝑝 is the time of pad injection. 
2.1.2 Characteristics of Naturally Fractured Reservoirs 
2.1.2.1 Fractures Origin 
A fracture can be defined as “a naturally occurring macroscopic planar discontinuity in 
rock due to deformation or physical diagenesis” (Nelson 2001). A naturally fractured reservoir is 
defined as a reservoir in which fluid flow is significantly influenced by the presence of naturally 
occurring fractures. The effect of natural fractures can be expressed in the form of increased 
reservoir permeability, increased permeability anisotropy, and/or increased reserves.  
The origin of natural fractures can be determined from the data about fracture morphology, 
dip, strike, relative abundance, and the angular relationship between fracture sets. This information 
can be obtained from core samples, borehole imaging logs, and well logs and then used as input to 
fracture generation models to produce the fracture distribution data as a result. The fracture models 
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are based on tectonics and fracture diagenesis. A combined geological-rock mechanics approach 
is required to interpret the fracture system origin.  
Natural fracture patterns are interpreted based on the local paleo-stress and paleo-strain 
distributions, and the rock fracture patterns are derived in the laboratory using the rock analogs 
and imitating conditions at the time of fracturing.  In the laboratory, three types of fractures form 
at consistent and predictable angles to the three principle stress directions in response to the 
compression, extension, and tensile tests (Figure 1). Shear fractures experience displacement 
parallel to the fracture plane. They are formed at an acute angle to the maximum compressive 
stress (σ1) direction and at an obtuse angle to the minimum compressive stress (σ3) direction. In a 
laboratory test, two shear fracture can develop, one on either side of σ1 with orientation parallel to 
the intermediate compressive stress (σ2).  Shear fractures form when all the three principle stresses 
are compressive. The angle between shear fractures, known as conjugate angle, depends on the 
mechanical properties of the material, the absolute magnitude of the minimum principal stress, and 
the magnitude of the intermediate principal stress relative to both the maximum and minimum 
principal stresses.  
Extension fractures experience displacement perpendicular to and away from the fracture 
plane. They form parallel to σ1 and σ2 and perpendicular to σ3 (Figure 1). Similar to shear fractures, 
extension fractures form when all three principal stresses are compressive. In laboratory 
experiments, extension fractures often form simultaneously with shear fractures.  
Tension fractures also experience displacement perpendicular to and away from the 
fracture plane and form parallel to σ1 and σ2. Tension fracture forms when at least one principal 
stress (σ3) is negative (tensile). In laboratory experiments, the fracture strength of rocks is 
significantly lower in tension tests than that in extension tests.  
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Figure 1 – Potential fracture planes developed in laboratory compression tests: extension fractures (A) and 
shear fractures (B, C). Reprinted from Nelson (2001) 
 
 
 
According to Nelson (2001), natural fractures can be classified into four types based on 
their origin: 
- Tectonic fractures 
- Regional fractures 
- Contractional fractures 
- Surface-related fractures 
Tectonic fractures are caused by surface forces acting on the rock during local tectonic 
event. They form in fracture networks with specific orientation relative to folds and faults 
(Chilingarian et al. 1996). The possible orientations of tectonic fractures correspond to direction 
of the shear and extension fractures during the laboratory fracture tests.  Tectonic fractures result 
from the same local stress field that caused faulting.  The information about fault and fractures 
orientation allows to determine the direction of the principle stresses and the sense of displacement 
of the fault. Tectonic fractures associated with folds have a complex orientation due to the complex 
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stress and strain history during initiation and development of a fold. The location and intensity of 
the fracture sets differ with fold origin and shape. The distribution of fractures related to domes is 
similar to that of the fold-related fractures (Nelson and Handin 1977).  The orientation of the 
fractures associated with other tectonic events can be determined from the direction of the principle 
stresses at failure. The prediction can be done by modeling the acting forces that caused the 
tectonic event and using the structural mechanics and experimental data on fracture orientation 
with respect to applied forces.  
Unlike tectonic fractures, regional fractures develop over vast areas crosscutting local 
structures, have relatively simple geometry with little variation in orientation. Regional fractures 
are always perpendicular to major bedding planes and have spacing ranging from 1 foot to over 20 
feet (Nelson 2001). These fractures have also been known as “joints”. Regional fractures form 
orthogonal sets with slight variation of strike across different formations. Regional fractures are 
extension fractures with the maximum principal stress acting in the vertical direction. The 
orientation of regional fractures is controlled by presence of fault-related fractures in the 
underlying formation and by strength anisotropy within and between formations (Chilingarian et 
al. 1996). Both tectonic and regional fracture play an important role in oil and gas production. A 
naturally fractured reservoir of high quality occurs when regional fracture system is overlaid by 
tectonic fractures. 
Contractional fractures are formed due to the bulk volume reduction in the rock that is 
caused by desiccation, dewatering, thermal gradients, and mineral phase changes (Nelson 2001). 
Since contractional fractures are initiated by internal forces rather than external forces, their 
distribution is not restricted to local geologic structures. This type of fractures can occur anywhere 
within the reservoir and play an important role in hydrocarbon production.   
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Surface-related fractures are associated with unloading, release of stored stress and strain, 
creation of free surfaces, and weathering. This type of fractures is often formed due to application 
of internal forces. The only type of surface-related fractures that has been proven to influence oil 
and gas production is karst. Karst features are produced by subsurface dissolution of the carbonate 
rock through mixing of fresh water (James and Jones 2016).  
2.1.2.2 Fracture Morphology 
Once the origin of the natural fractures has been determined, the fractures can be 
characterized in terms of their morphology, distribution, and reservoir properties, such as porosity 
and permeability. The physical character of the fractures depends on their origin, the mechanical 
properties of the host rock, and digenesis. Combination of these factors can alter reservoir porosity 
and permeability. The effect of the fracture on the fluid flow becomes prominent when they have 
sufficient spacing or length. To evaluate this effect, the fluid properties of the individual fractures 
and their density in the reservoir must be determined.  
Morphology of the fractures plane has a significant effect on porosity and permeability. 
Fracture morphology can be classified into four main types: open fractures, deformed fractures, 
cemented fractures, and vuggy fractures. Open fractures do not contain any diagenetic or 
deformational material filling the space between the fracture walls. Open fractures serve as 
potential pass ways for the fluid flow. Such fractures significantly increase reservoir permeability 
parallel to the fracture plane and have a minimal effect on permeability perpendicular to the 
fracture plane. The permeability of open fractures depends on the initial fracture width, the closure 
stress normal to the fracture plane, the surface roughness, and contact area of the fracture walls.  
Initial width, roughness, and contact area are functions of the grain size distribution of the host 
rock.  
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Deformed fractures are formed due to the ductile shear displacement along the fracture 
plane or as initially open fractures that were later altered by tectonic shear motions. Such fractures 
are associated with strong stress anisotropy within the reservoir and can be grouped into two 
categories: gouge-filled and slickensided. Gouge-filled fractures are caused by the frictional 
sliding motion of the rock along the fracture plane. This displacement causes grinding of the grains 
in contact across the fracture, which decreases porosity and permeability of the fracture. Secondary 
mineralization of the deformed grains leads to further porosity and permeability reduction. Also, 
the deformed mineral material between the fracture walls is highly saturated by water. This can 
significantly decrease the relative permeability to hydrocarbons of gouge-filled fractures. 
Slickensided fractures are also formed by the frictional sliding motion along the fracture plane, 
however, in contrast to the gouge-filled fractures, the created fracture wall surfaces are smoothed 
by pulverization of the rock or creation of glass by grain melting. This results in permeability 
reduction perpendicular to the slip surface and possible permeability increase parallel to the slip 
surface due to mismatch of smooth fracture faces. Slickensided fractures often occur in more brittle 
rocks, such as carbonates and shales, but are also common in low-porosity sandstones.  
Cemented fractures are mineral-filled fractures that are associated with secondary or 
diagenetic mineralization. Cementing material is normally comprised of quartz, carbonate, or a 
mixture of the two. The effect of fracture cementation on permeability is determined by the 
completeness of the filling and diagenetic history of the cement. Normally, completely cemented 
fractures act as barriers to the fluid flow, while incompletely filled fractures in the form of vugs or 
interparticle porosity can yield an increase of permeability.  Carbonates are more prone to 
cementation due to more intense digenesis at low temperature and pressure compared with 
siliciclastic rocks (Morad et al. 2000; Morse et al. 2007). The analysis of the filling material can 
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reveal an important information about the reservoir. The difference in acoustic properties of the 
filling material and the matrix can be interpreted to better determine intensity of fracture system.  
Also, the analysis of the diagenetic history of the cementing material can yield the information on 
the depth, alteration, and fluid migration within the rock that happened after fracturing.   
Vuggy fractures form due to dissolution of the rock that is caused by disequilibrium 
between the fluids entering the rock and the rock matrix itself. Vugs develop in narrow zone 
adjacent and along the fracture planes (Ferrill et al. 2004). Vuggy fractures are often associated 
with unconformities and development of karst in carbonates. Secondary porosity of the vuggy 
fractures can be significantly higher compared with the regular fracture porosity. Also, because of 
the spherical shape of the vugs, this fracture-related porosity is relatively incompressible during 
reservoir depletion. Vuggy fractures play an important role in the world’s largest carbonate oil and 
gas reservoirs.  
2.1.2.3 Fracture Permeability  
The fluid flow through porous media was first experimentally studied and quantitatively 
described by Darcy in 1856. The equation below was derived for laminar, incompressible, single-
phase, Newtonian fluid flow through homogeneous porous media (Dake 1978): 
𝑞 = 𝐾𝐴
𝑑ℎ
𝑑𝑙
 ,                            (8) 
where 𝑞 is the flow rate, 𝐾 is the hydraulic conductivity, 𝐴 is the cross-sectional area, and 
𝑑ℎ
𝑑𝑙
 is the 
hydrostatic head gradient. Later, Hubbert (1940) defined the hydraulic conductivity as  
𝐾 = 𝑘
𝜌𝑔
𝜇
 ,                           (9) 
where 𝑘 is the permeability, 𝜌 is the fluid density, 𝑔 is the acceleration of gravity, and 𝜇 is the 
fluid viscosity. 
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To determine permeability of the fractures, the theory of flow between parallel plates was 
developed. This approach approximates fracture geometry as two smooth parallel plates separated 
by a distance, 𝑤. The fluid flow in the fracture was defined by Huitt (1955) and later by other 
researchers as  
𝑞
𝐴
=
𝑤3
12𝐷
𝑑ℎ
𝑑𝑙
𝜌𝑔
𝜇
,                                                                     (10) 
where 𝑤 is the fracture width, 𝐷 is the fracture spacing. Equations 9 is valid for single-phase, 
Newtonian, laminar flow between smooth parallel plates with small width variation. It is often 
referred to as the “cubic law” equation because the flowrate in the fracture is proportional to the 
cube of the fracture width. By relating Equations 8-10, Parsons (1966) defined the fracture 
permeability as  
𝑘𝑓 =
𝑤2
12
𝜌𝑔
𝜇
 ,                            (11) 
Equation 11 applies for accurate estimation of fracture permeability if the assumptions listed 
earlier for Equation 10 are met.  
Natural fractures can act as highly conductive channels but also can be barriers to fluid 
flow in reservoir. The effect of individual fractures on reservoir permeability is defined by the 
physical character and morphology of the fractures. There are several indications of the controlling 
role of natural fractures in the reservoir, all based on the core data: 
- Observation of oil-stained or “bleeding” fractures. 
- High well test permeability from the area that has low core plug-derived permeability. 
- Three-directional core permeability analysis, when data is highly scattered both above 
and below the line of isotropy (equal vertical and horizontal permeability). In well-
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bedded formations without fracture control, permeability data will plot below the line 
of isotropy, indicating preferential flow parallel to bedding. 
Fracture permeability is sensitive to stress, and the effect is more pronounced in depleted 
reservoirs. The theoretical analyses of fracture permeability reduction with stress have been 
presented by Gangi (1978) and Walsh (1981).  
Although fracture length and height have the dominant effect on fluid flow (Philip et al. 
2005), the more easily quantifiable fracture-size parameter is fracture width. The width of natural 
fractures vary with depth.  According to Nelson (2001), in shallow formations, the width of natural 
fractures can vary from 5×10-4 to 0.2 inches. Fracture width at hydrocarbon producing reservoir 
depths (5000–20,000 ft) is significantly lower. The change of natural fracture width with depth or 
in situ stress can be determined for various rocks during the laboratory test. The results of such 
tests show that width depends on the grain size of the host rock, overall being several orders of 
magnitude smaller in fine grain rocks compared with coarse grain rock. Because of a low width 
magnitude, natural fractures are difficult to detect and quantify by logging and wellbore imaging 
tools. The challenge associated with measuring natural fractures is log-normal frequency 
distribution of the fracture width (Wilson and Witherspoon, 1970), which makes the mean, median, 
and mode values to separate in skewed distribution (Figure 2). Skewed log-normal width 
distribution plays an important role in defining the role of the natural fractures in fluid flow. Wide 
fractures may control permeability of the fracture system because permeability is a function of 
width cubed.    
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Figure 2 - Natural fracture frequency diagrams. Reprinted from Nelson (2001) 
 
 
 
In addition to fracture width, fracture spacing plays an important role in predicting fracture 
system permeability. Fracture spacing can be directly observed in core samples and can be 
quantified if the size of the sample is large with respect to fracture spacing. Unlike fracture width, 
spacing does not change during reservoir depletion. Definition proposed by Parsons (1966)  
characterize fracture spacing as the average distance between regularly spaced fractures 
perpendicular to a parallel set of fractures of a given orientation. When fractures are regular and 
closely spaced, fracture spacing can be estimated by counting the number of fractures present along 
a line of a given length perpendicular to the fracture set and dividing by the length of measurement 
line. In a complex fracture network, fracture spacing is calculated along a line perpendicular to 
bedding strike and a line perpendicular to bedding dip. Estimation of fracture spacing present some 
challenges due to a high variation of fracture scale – from microfractures observed in cores to 
macrofractures detected on outcrops. 
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The combined effect of both fracture width and spacing on fracture permeability and 
porosity is presented in Figures 3 and 4. 
 
 
 
 
 
Figure 3 - Fracture network permeability as a function of fracture width and spacing. Reprinted from 
Nelson (2001) 
 
 
 
 
Figure 4 - Fracture network porosity as a function of fracture width and spacing. Reprinted from 
Nelson (2001) 
 21 
 
2.1.2.4 Detecting Natural Fractures 
The effect of fractures on reservoir fluid flow depends on the degree of fracturing. There 
are several methods of detecting and predicting natural fractures in the reservoir for designing the 
well completion that allows to optimize stimulation efficiency and maximize production.  
Fractures can be detected either directly, such as by core observation and analysis, or indirectly, 
such as by well log and well test evaluation. 
The best method for identifying natural fractures is by direct observation of core samples 
from the zone of interest (Nelson 2011). Core samples can provide information about fracture dip, 
intensity, and azimuth, as well as the data on rock strength and fabric. These type of information 
helps to determine fracture distribution and origin.  
There are several types of well logs that can be used to obtain data about natural fractures. 
Sonic amplitude log is commonly used to detect fractures location and orientation. The principle 
of this method relies on amplitude change by compressional and shear waves when encountering 
fluid-filled fractures. Amplitude of compressional wave decreases when encountering vertical or 
high-angle fractures, while amplitude of shear wave reduces when encountering horizontal or low-
angle fractures (van Poollen and Aguilera 1977).  
Caliper log can be used to identify natural fractures intersecting the wellbore. In highly 
fractured zones the wellbore enlargement takes place. Since wellbore enlargement can be 
associated with difference in rock composition, this method can be most successfully used to detect 
differences in relative fracture intensity in continuous rock formations, such as carbonates.  
The most widely used method for natural fractures detection are electrical and acoustic 
logs, and borehole imaging. Acoustic log captures wellbore topography, while electric resistivity 
log captures fluid inside open fractures (van Poollen and Aguilera 1977). The borehole imaging 
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logs represent an unrolled image (north to north) of the inside of the wellbore. Fractures that are 
oriented at an angle to the wellbore are seen as sinusoidal lines on the image. Borehole imaging 
gives the information about the fracture spacing (Bahrami et al. 2012).  The acoustic imaging logs 
are used for detecting borehole breakouts to determine in situ stress direction.  The resistivity 
imaging tools have a higher resolution compared with acoustic tools and can provide a relative 
fracture width fracture porosity as a result of the fracture analysis (Dashti et al. 2009; Luthi 1990).   
2.1.3 Acid Fracturing in Naturally Fractured Carbonate Reservoirs 
During acid fracturing stimulation in naturally fractured carbonates, the presence of natural 
fractures intersecting hydraulically induced fractures increases the magnitude and the complexity 
of the acid leakoff. Unlike in propped hydraulic fracturing when natural fractures open after the 
pressure exceeds some critical value, in acid fracturing acid starts leaking off into natural fractures 
as soon as they are contacted by a hydraulic fracture (Smith and Montgomery, 2015). Acid loss 
into natural fracture increases with time due to etching of the fracture walls and the increasing 
fracture width and conductivity. Also, the surface area available for acid leakoff increases with 
deeper propagation of the hydraulic fracture into formation. In addition, the hydraulic fracture 
would intersect more natural fractures as it propagates into reservoir resulting in greater acid 
leakoff from the main fracture into the natural fractures. Due to a combination of those factors, 
acid leakoff increases dramatically during acid fracturing in naturally fractured carbonate 
reservoir. This may cause the pressure inside the hydraulic fracture to drop below the fracturing 
pressure and the hydraulic fracture propagation to stop. 
Arangath et al. (2008) reported the results of acid fracture stimulation treatments in 
naturally fractured carbonate reservoirs in Western Kazakhstan. The analysis of several treatments 
showed that the pressure dropped below the fracturing pressure during the treatments and the 
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fracture stopped growing, despite the use of the acid systems with leakoff control during the 
treatments. The authors explained the results by high acid loss into the natural fracture network 
intersecting the hydraulic fractures. In spite of the increased leakoff, acid fracturing stimulation 
yielded greater productivity increase compared to the matrix acidizing in those naturally fractured 
carbonates. This was attributed to creating fractures that connected wellbore with the natural 
fracture network.  
Several publications (Arangath et al. 2008; Jauregui et al. 2011; McCartney et al. 2017) 
mentioned that the efficiency of acid fracturing in naturally fractured formation can be improved 
by using fluid loss control additives. Arangath et al. (2008) reported that using viscoelastic 
surfactant (VES) based acid system along may not be effective enough to stimulate carbonate 
intervals dominated by natural fractures. Using an enhanced VES acid system containing 
degradable fibers proved to improve the efficiency of the treatments in such formations by 
providing both chemical and mechanical diversion of acid from natural fractures into hydraulically 
induced fractures. Application of a similar acid system for acid fracturing stimulation in naturally 
fractured carbonate reservoirs in Middle East indicated a significant production improvement 
compared to using acid system without fiber-laden diverters (Dashti et al. 2009).  Another study 
on the leakoff control in naturally fractured carbonates in Middle East (McCartney et al. 2017) 
indicated that the production of the wells where solid particulate diverters, including near-wellbore 
and far-field diverters, were used was higher than the production of offset wells, where alternating 
stages of pad fluid and gelled or emulsified acid with VES slugs were pumped. All the field cases 
mentioned above have focused on a positive effect of leakoff control on stimulation efficiency 
achieved by bridging natural fractures with solid particulates or fibers.  
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2.2  Acid Fracture Conductivity 
2.2.1 Parameters Affecting Acid Fracture Conductivity 
Acid fracture conductivity generated during the treatment and preserved under closure 
stress determines the efficiency of acid fracturing stimulation. The fracture conductivity depends 
on the etched surface profile and on the mechanical strength of the created asperities to sustain 
under in situ stress.  The etching surface is affected by the amount of rock dissolved and by the 
dissolution pattern.  
In order to achieve high conductivity, a sufficient volume of rock should be dissolved by 
acid to generate a wider fracture. On the other hand excessive dissolution caused by a large volume 
of acid injected into formation or a long contact time between the acid and the rock can weaken of 
the asperities on the fracture faces, which will reduce the final conductivity of the fracture 
(Broaddus et al. 1968).  It was observed that the Brinell hardness of the rock can be decreased by 
half after exposure to acid (Cook and Brekke 2004). The effect of conductivity reduction due to 
weakening of asperities by acid is more prominent at the fracture entrance. Therefore, it is 
recommended to displace the acid by non-reactive pad in order to prevent over-etching of the near 
wellbore area (Beg et al. 1998). In addition to weakening the rock, using an excessive volume of 
acid during the treatment can cause the dissolution of any irregularities generated on the fracture 
face and flattening of the fracture surface (Gong et al. 1998). This will lead to the loss of fracture 
conductivity and to reduction of treatment efficiency. It was proposed by Bartko et al. (2003) that 
an optimum acid volume can be estimated for the treatment based on the type of acid system used 
and the formation rock properties.   
As the formation closure stress increases, fracture conductivity is less affected by the 
amount of rock dissolved and is rather defined by the etching pattern and the formation hardness 
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(van Domelen et al. 1994). Anderson and Fredrickson (1989) showed that acid fracturing 
stimulation in soft formations, such as chalk, generates the fractures that tend to close under the 
closure stress because the created asperities deform under sustained load. The experimental results 
by Melendez (2007) also demonstrated that the lower fracture conductivity was achieved for the 
rock samples with lower rock embedment strength under the same closure stress condition.  
Acid leakoff accompanied by wormholes will promote generation of the rough surface on 
the fracture face. However, at the same time it may decrease the compressive strength of the 
asperities and, as a result, will decrease the fracture conductivity. Gong et al. (1998) investigated 
the combined effect of acid leakoff and contact time on created conductivity of the fracture. They 
concluded that the conductivity increased with increasing contact time at zero leakoff, while 
conductivity reduction was observed when both contact time and leakoff increased.  
As was mentioned previously, the efficiency of acid fracturing stimulations strongly 
depends on the ability of fracture to retain conductivity under closure stress. The mechanism of 
fracture closure is controlled by elastic deformation, compressive failure of contact points 
(asperities crushing), and viscous flow, also known as creeping effect (Abass et al. 2006). The 
elastic deformation happens as a result of increasing effective minimum horizontal stress due to 
the reservoir depletion. The elastic deformation is determined by the Young’s modulus of the rock. 
Because of the elastic response, the fracture width will decrease with time, which will reduce the 
conductivity of the fracture. The contact points (asperities) that were created on the fracture face 
during the treatment will prevent the fracture from closure if they can sustain the applied stress. 
The compressive strength of the asperities will determine the degree of their failure under the 
stress. Both elastic deformation of the rock and compressive failure of the asperities determine the 
conductivity reduction after the treatment.  Creeping effect is defined as a slow displacement of 
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the rock particles as a function of time.  The total displacement is the result of the combined effect 
of elastic displacement and the time dependent displacement (creep), which depends on properties 
of the rock. There are three stages that rock undergoes during creep deformation. First, the rock 
experiences a primary (transient) creep when the strain growth rate decreases with time. Then, a 
secondary (steady state) creep takes place when strain increases at a constant rate. Finally, some 
rocks may experience a tertiary (accelerating) creep, under certain stress and temperature 
conditions when the strain rate increases with time and can reach viscous deformation, which 
causes structural failure of the rock. Overall, the acid fracture conductivity declines during 
production because of the elastic deformation, plastic deformation, and creeping effect of the 
formation as a response to increasing closure stress.  
2.2.2 Acid Fracture Conductivity Correlations  
Acid fracture conductivity is difficult to predict because of the stochastic nature of the rock 
dissolution by acid. The existing fracture conductivity correlations assume that conductivity is 
defined by the volume of rock dissolved during acid injection.  The dissolved rock volume is 
characterized by the parameter called the ideal width, which is defined as the fracture width 
generated by acid dissolution under zero closure stress (Economides et al. 2013). The ideal width 
is determined as the volume of rock dissolved divided by the fracture area (Economides et al. 
2013).  
?̅?𝑖 =
𝜒𝑉
2(1−𝜑)ℎ𝑓𝑥𝑓
 ,                            (12) 
where  ?̅?𝑖 is the average ideal width, 𝜒 is the volumetric dissolving power of the acid, 𝑉is the total 
volume of acid injected, 𝜑 is the rock porosity, ℎ𝑓 is the fracture height, and 𝑥𝑓 is the fracture half-
length. The ideal width distribution along the fracture length depends on the acid concentration 
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profile inside the fracture, which is defined by a parameter called Peclet number. This 
dimensionless parameter characterized the ratio of the rate of acid convection to the rate of acid 
diffusion and is expressed by  
𝑁𝑃𝑒 =
𝑣𝐿?̅?
2𝐷𝑒
,                                      (13) 
where  𝑁𝑃𝑒 is the Peclet number, 𝑣𝐿 is the acid leakoff velocity, ?̅? is the average fracture width,  
and 𝐷𝑒 is the effective acid diffusivity. For low Peclet numbers, more acid is spent at the fracture 
inlet and the concentration distribution should be used to calculate the ideal width as a function of 
position along the fracture length. For higher Peclet numbers (𝑁𝑃𝑒>5), acid concentration along 
the fracture is distributed evenly and is almost equal to the inlet concentration. Therefore, for these 
cases, the actual ideal width is equal to the calculated average ideal width. 
There are several acid fracture conductivity correlations, both empirical and theoretical. 
The most commonly used correlation was proposed by Nierode and Kruk (1973). This correlation 
was derived empirically based on a series of experiments, in which core plugs were broken in 
tension, acid was injected through created fractures, and the fracture conductivity was measured 
under various closure stresses. It was shown that fracture conductivity is a function of the dissolved 
rock volume, the closure stress, and the rock embedment strength. The Nierode and Kruk 
correlation is expressed by the following equation 
𝑤𝑘𝑓 = 𝐶1exp (−𝐶2𝜎𝑐) ,                          (14) 
where 
𝐶1 = 1.47 × 10
7𝑤𝑖
2.47                         (15) 
𝐶2 = (13.9 − 1.3 ln(𝑅𝐸𝑆)) × 10
−3 for 𝑅𝐸𝑆 <20,000 psi             (16) 
𝐶2 = (3.8 − 0.28 ln(𝑅𝐸𝑆)) × 10
−3 for 20,000≤ 𝑅𝐸𝑆 ≤50,000 psi             (17) 
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𝑤𝑘𝑓 is the fracture conductivity, 𝜎𝑐 is the closure stress, and 𝑅𝐸𝑆 is the rock embedment strength. 
The coefficients 𝐶1 and 𝐶2 are derived in Field Units. The equation above assumes that all the 
injected acid reacts with the fracture walls, meaning that no acid leaks off into formation or creates 
wormholes at the fracture walls. 
The disadvantage of the correlation described above is that it does not take into account 
the heterogeneous nature of the rock that affects the generated fracture surface profile and the 
created fracture conductivity during the acid fracturing stimulation at the field. The distribution of 
permeability and mineralogy in the carbonate formation affects the dissolution pattern created at 
the fracture face by acid etching. Various features, such as isolated voids and channels can be 
generated at the fracture walls during a non-uniform rock dissolution by acid. Random distribution 
of surface roughness forms isolated voids on the fracture surface, while the correlated distribution 
of surface roughness leads to creation of connected voids that form channels. Isolated voids do not 
have a significant contribution to the generated fracture conductivity, while channels generate a 
substantial conductivity increase due to insignificant pressure drop in the channel, which facilitates 
fluid flow through the channel. Some experimental results on acid fracture conductivity (Gong et 
al. 1998; Suleimenova et al. 2016) show the presence of the channels on the etched surface of the 
cores, however, those results are difficult to reproduce due to stochastic nature of the acid 
dissolution process. Thus, the empirical correlations only consider small-scale surface roughness 
in the order of the core sample size and fail to capture the effect of channels on the created fracture 
conductivity because the width of the channels may exceed the width of the core sample.  
The effect of surface roughness on created acid fracture conductivity was fist studied by 
Ruffet et al. (1998). They characterized the acid etched fracture surface of the cores by 
profilometer. The results showed that conductivity depended on the surface roughness of the 
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fracture face, which depended on the etching profile and on deformation of asperities under the 
stress. The first conductivity correlation that accounted for surface topography of the fracture was 
developed by Gong et al. (1998). They evaluated the topography of acid etched surface by light 
reflection imaging calibrated by profilometer scanning results. The conductivity was not adopted 
by the industry because of the numerous parameters, such as  the conductivity under zero closure 
stress, the shape of height texture distribution, and stress correction factor, required for the 
conductivity estimation that are difficult to be determined in the field.   
A new correlation was proposed by Mou and Deng (Deng et al. 2012), which takes into 
account the heterogeneous distribution of mineralogy and permeability in the rock, and the surface 
roughness, to calculate the acid fracture conductivity. First, an intermediate scale 3D acid 
fracturing model was developed by Mou et al. (2010, 2011), in which the calculation domain is 10 
ft by 10 ft. Then, using the model, the effect of mineralogy, permeability, and surface roughness 
on the created conductivity under zero closure stress was examined. After that, the results of Mou’s 
work were combined with the outcome of the study on the fracture closure and the conductivity 
decrease as a function of closure stress (Deng et al. 2011). Finally, the fracture conductivity 
correlations were derived based on the statistical parameters, such as the correlation length of 
mineralogy, and the standard deviation and the correlation length of permeability, that characterize 
the distribution of those properties in the formation. The correlation length and standard deviation 
in their dimensionless form are defined as 
𝜆𝐷,𝑥 =
𝜆𝑥
𝐿
 ,                          (18) 
𝜆𝐷,𝑧 =
𝜆𝑧
𝐻
 ,                          (19) 
𝜎𝐷 =
𝜎(ln 𝑘)
ln ?̅?
 ,                          (20) 
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where  𝜆𝑥 the horizontal correlation length, 𝜆𝑧 is the vertical correlation length, 𝐿 is the model 
domain length, 𝐻 is the model domain height, 𝜎𝐷 is the dimensionless standard deviation, 𝑘 is the 
permeability, and ?̅? is the average permeability. Correlation length is a statistical parameter that is 
determined from a plot of variability of a certain parameter within a dataset as a function of 
location of each data point.  The variance between two data pairs increases as the separation 
between data points increases reaching a plateau at a certain separation distance, which is called 
correlation length (Beatty 2010). At a separation distance higher than the correlation length, there 
is only a minor change in variance within a dataset. Large correlation length corresponds to a well 
correlated dataset. 
Mou-Deng correlation has the same form as Nierode and Kruk correlation (Equation 14) 
with the only difference that the coefficients  𝐶1 and 𝐶2 incorporate the geostatistical parameters 
defined above. The expressions for 𝐶1 and 𝐶2 were derived for the cases when the etching pattern 
is dominated by either mineralogy distribution, or by permeability distribution, or by competing 
effect of mineralogy and permeability distribution. The fracture conductivity was found to be a 
function of the ideal width, the formation closure stress, the rock Young’s modulus, the calcite 
content of the rock, and the geostatistical parameters. It was concluded that low vertical correlation 
length and high horizontal correlation length of permeability distribution yield a higher fracture 
conductivity through formation of long and narrow channels that tend to stay open under the 
closure stress. Higher standard deviation of the permeability leads to larger conductivity due to 
uneven etching of the fracture walls. For the mineralogy distribution dominant case (leakoff 
coefficient is less than 0.0004 ft/min0.5), higher calcite percentage yields the formation of channels 
on the fracture surface, which positively affects fracture conductivity. All the correlations were 
derived under moderate temperature condition (210 oF). 
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2.3  Review of Existing Acid Fracturing Models 
2.3.1 Modeling of Acid Fracturing Process in Carbonate Formation 
Modeling of acid fracturing process in carbonate formation has been done by several 
researchers. The approach has been to solve the acid flow equation to obtain acid concentration 
profile and then to estimate the etched width. Settari (1993) used the velocity averaged across the 
fracture width and height to obtain the concentration distribution inside the fracture: 
−
𝜕(?̅?𝐴𝑐?̅?)
𝜕𝑥
− 2 (𝑞𝐿𝐶𝐵 + 𝐻𝑘𝑔(𝐶̅ − 𝐶𝐵)) + 𝑞𝑖𝐶0 =
𝜕(𝐴𝑐?̅?)
𝜕𝑡
 ,                (21) 
where  ?̅? is the acid flow velocity averaged across the fracture width and height, 𝐶̅ is the acid 
concentration averaged across the fracture width and height, 𝐶𝐵 is the acid concentration at the 
fracture wall, 𝐶0 is the acid initial concentration entering the fracture, 𝐴𝑐 the cross-sectional area 
of the fracture, 𝑞𝐿 is the acid leakoff volumetric rate, 𝐻 is the fracture height, 𝑘𝑔 is the mass transfer 
coefficient, and 𝑞𝑖 is the acid injection rate. For high reaction rate between the acid and the rock, 
𝐶𝐵 is close to zero, and it can be assumed that 𝐶𝐵=0 in the equation above. 
Mass transfer coefficient, 𝑘𝑔 in Equation 21 was first introduced by Roberts and Guin 
(1975), and it characterizes the rate of diffusive flux transporting acid towards the fracture walls: 
𝑘𝑔(𝐶̅ − 𝐶𝐵) = −𝐷𝑒
𝜕𝐶
𝜕𝑦
|𝑦=𝑤/2 ,                        (22) 
where 𝐷𝑒 is the effective diffusion coefficient, 𝑤 is the fracture width. The effective diffusion is 
equal to molecular diffusion for laminar flow but exceeds that value for turbulent flow.  
The boundary condition used to solve Equation 22 is 
𝑘𝑔(𝐶̅ − 𝐶𝐵) = 𝑘𝑟(1 − 𝜑)(𝐶𝐵 − 𝐶𝑒𝑞)
𝑚
,                   (23) 
where 𝐶𝑒𝑞 is the equilibrium concentration, 𝑘𝑟 is the reaction rate constant, 𝑚 is the reaction order. 
The unknown parameter, 𝑘𝑔 can be determined as a function of 𝐷𝑒 and the flow regime: 
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𝑘𝑔 =
𝑁𝑆ℎ𝐷𝑒
2𝑤
 ,                              (24) 
where 𝑁𝑆ℎ is the Sherwood number that can be calculated as following (Lee and Roberts 1980): 
For turbulent flow (𝑁𝑅𝑒>7000) 
𝑁𝑆ℎ = 0.026(𝑁𝑅𝑒)
0.8(𝑁𝑆𝑐)
1/3 ,                      (25) 
For transition flow (1800< 𝑁𝑅𝑒>7000) 
𝑁𝑆ℎ = 0.0011038(𝑁𝑅𝑒)
1.1532(𝑁𝑆𝑐)
1/3 ,                     (26) 
where 𝑁𝑅𝑒 is the Reynolds number, which is defined as 2𝑤?̅?𝜌/𝜇, 𝑁𝑆𝑐 is the Schmidt number, 
which is defined as 𝜇/𝜌𝐷𝑒, ?̅? is the average velocity in the channel, 𝜇 is the fluid viscosity, 𝜌 is 
the fluid density. 
For laminar flow regime, 𝑘𝑔 can be estimated based on the Nusselt number, 𝑁𝑁𝑢 (Lo and 
Dean 1989; Settari et al 2001): 
𝑘𝑔 =
𝑁𝑁𝑢𝐷𝑒
𝑤
 ,                              (27) 
where 𝑁𝑁𝑢 is the function of the Peclet number, 𝑁𝑃𝑒and is defined as 
𝑁𝑁𝑢 = 4.10 + 1.26𝑁𝑃𝑒 + 0.02675𝑁𝑃𝑒
2   (𝑁𝑃𝑒<10)               (28) 
𝑁𝑁𝑢 = 2𝑁𝑃𝑒  (𝑁𝑃𝑒 ≥20)                             (29) 
In order to improve the accuracy of the concentration prediction inside the fracture, 
Settari et al. (2001) added the diffusion term into the equation to characterize the flow along the 
fracture length (in 𝑥-direction) and the flow towards the fracture walls (in 𝑦-direction): 
−
𝜕(𝐶𝑣𝑥)
𝜕𝑥
−
𝜕(𝐶𝑣𝑦)
𝜕𝑦
+  
𝜕
𝜕𝑦
(𝐷𝑒
𝜕𝐶
𝜕𝑦
) + 𝑞𝑖𝐶0 =
𝜕𝐶
𝜕𝑡
 ,                (30) 
where 𝑣𝑥 and 𝑣𝑦 are the 2D components of the velocity field, respectively, 𝐶 the acid concentration 
as a function of position (𝑥, 𝑦).  
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The 𝑥-component of the velocity was obtained from the average flow rate assuming self-
similar, steady-state, fully developed flow. For Newtonian laminar flow the solution is the 
following: 
𝑣𝑥(𝑦) = 𝑣𝑥(0)[1 − (𝑦 − 𝑤/2)
2] ,                        (31) 
For non-Newtonian fluid the analytical solution for velocity component in 𝑥-direction as a function 
of position in 𝑦-direction is given by 
𝑣𝑥(𝑦) = 𝑣𝑥(0)[1 − (𝑦 − 𝑤/2)
(1+𝑛/𝑛)] ,                  (32) 
𝑣𝑥(0) =
1
2𝜇
(−
𝜕𝑝
𝜕𝑥
) ,                            (33) 
where 𝑛 is the power-law exponent (fluid consistency index).  
Romero et al. (2001) used the similar approach to calculate the velocity component in z-
direction (along the fracture height) to obtain a 3D solution for the acid flow and concentration 
profile in the fracture.  
A fully 3D model was developed by Mou et al. (2010) for a section of a fracture with 
dimensions of 10 ft by 10 ft. The model was further extended by Oeth et al. (2014) to simulate 
acid fracturing process for the entire fracture domain. The coordinate system was defined in a way 
that 𝑥-, 𝑦 -, and 𝑧-axes are aligned with fracture length, width, and height, respectively. Mou et al. 
(2010) solved the Navier-Stokes equation to obtain velocity components in all three directions. 
For Newtonian fluid flow, the equation has the following form in Cartesian coordinate system 
−
𝜕𝑝
𝜕𝑥𝑖
+ 𝜇
𝜕2𝑣𝑖
𝜕𝑥𝑗
2 = 𝜌 (
𝜕𝑣𝑖
𝜕𝑡
+ 𝑣𝑗
𝜕𝑣𝑖
𝜕𝑥𝑗
) ,                      (34) 
For non-Newtonian fluid, the apparent viscosity, 𝜇𝑎𝑝𝑝 has to be included into equation. 
Apparent viscosity is a function of fluid velocity. The viscous fluids that are used during acid 
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fracturing treatment have power law fluid properties.  The Navier-Stokes equation for non-
Newtonian fluid is expressed as 
−
𝜕𝑝
𝜕𝑥𝑖
+ 𝜇𝑎𝑝𝑝
𝜕2𝑣𝑖
𝜕𝑥𝑗
2 + 2𝑑𝑖𝑗
𝜕𝜇𝑎𝑝𝑝
𝜕𝑥𝑗
= 𝜌 (
𝜕𝑣𝑖
𝜕𝑡
+ 𝑣𝑗
𝜕𝑣𝑖
𝜕𝑥𝑗
) ,                (35) 
where 𝑑𝑖𝑗 is the rate of deformation tensor. The model assumes that gravity effects are neglected, 
so the gravity term was eliminated in Equations 34 and 35. 
To solve for velocity field in three directions and pressure in the fracture, the three 
momentum equations and the continuity equation are solved numerically using the modified 
SIMPLE algorithm (Patankar, 1980).  
After calculating the velocities, the concentration profile in all three directions can be 
obtained by solving the acid balance equation 
−
𝜕(𝐶𝑣𝑥)
𝜕𝑥
−
𝜕(𝐶𝑣𝑦)
𝜕𝑦
−
𝜕(𝐶𝑣𝑧)
𝜕𝑧
+  
𝜕
𝜕𝑦
(𝐷𝑒
𝜕𝐶
𝜕𝑦
) =
𝜕(𝐶)
𝜕𝑡
                    (36) 
The acid concentration profile determines the concentration of the acid that reacts with the 
rock at fracture walls creating etched width.  The width change is calculated based on the acid 
mass balance assuming that the amount of acid transported towards the fracture walls by diffusion 
and a leakoff flow, will dissolve an equivalent amount of rock. The dissolved rock volume will 
contribute to the fracture width increase. The equation that is used to estimate the width change is 
given below 
𝛽𝑀𝑊𝑎
𝜌𝑟(1−𝜑)
(𝜂𝑣𝐿𝐶𝐵 − 𝐷𝑒
𝜕𝐶
𝜕𝑦
) =
𝜕𝑦
𝜕𝑡
 ,                        (37) 
where 𝛽 is the gravimetric dissolving power of the acid of a given concentration, 𝑀𝑊𝑎 is the 
molecular weight of the acid, 𝜌𝑟 is the density of the rock, 𝜂 is the fraction of acid that reacts with 
fracture wall before leaking off, and 𝑣𝐿 is the leakoff velocity. The parameter 𝜂 was derived 
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experimentally and was found to be equal to 0.3 (Mou 2009). The similar approach to calculate 
the fracture width increase is used in all the acid fracturing models described above.  
2.3.2 Modeling of Acid Fracturing in Naturally Fractured Carbonate Reservoir 
The modeling of acid fracturing in naturally fractured carbonates was preceded by the 
modeling of matrix acidizing process in formation containing fractures. Xiong (1994) developed 
a model to examine the effect of acid injection rate, acid concentration, natural fracture width, and 
fracture frequency on the efficiency of matrix acidizing in naturally fractured carbonates. The 
author showed that acid penetration distance increases as the injection rate and the acid 
concentration increase, with the former having a dominant effect. He also demonstrated that the 
acid penetration is greater for the case of wider natural fractures and lower fracture frequency for 
a given acid volume, and the volume of acid required for the treatment should be increased with 
the increased number of fractures per unit thickness of formation.  
Dong et al. (2002a, 2002b) studied matrix acidizing in naturally fractured carbonates, both 
experimentally and theoretically.  They conducted experiments on acidizing of core samples 
containing single fractures. In each experiment, two carbonate core samples of the dimensions of 
2.5 x 6.5 x 5 cm were put together to form a single fracture between the cores’ faces. The created 
fracture was 6.5 cm long, 5 cm high, and had a width that varied from 0.001 to 0.009 cm for 
different experiments. Hydrochloric acid of the concentration of 13.5 wt% was injected from one 
side of the fracture at rate of 10 ml/min during 20 minutes. Leakoff rate varied from 0 to 10% of 
the injection flow rate. The results showed that the fracture width and the surface roughness had a 
significant effect on the etching profile at the fracture face. It was observed that most of the acid 
reacted with rock inside the fracture rather than dissolving the matrix. The next step in the study 
was to develop a model to simulate acid flow, dissolution and penetration in naturally fractured 
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carbonate formation. Such model was developed first for matrix acidizing in carbonate core sample 
containing a single fracture and was validated against the experimental results. The model 
calculates concentration profile averaged across the fracture width using 𝑘𝑔 to account for 
diffusion flux in width direction. The velocity components in 𝑥-direction (along the fracture 
length) and in 𝑦-direction (along the fracture height) are estimated by using Darcy’s law and 
approximating fracture geometry as a channel between parallel plates. The acid balance equations 
has the following form  
𝜕
𝜕𝑥
(
?̅?𝑣𝑥𝑤
𝜕𝑥
) +
𝜕
𝜕𝑦
(
?̅?𝑣𝑦𝑤
𝜕𝑦
) − 2𝐶̅𝑣𝐿 − 2𝐶̅𝑘𝑔 =
𝜕(?̅?𝑤)
𝜕𝑡
  ,                    (38) 
In Equation 38, the leakoff velocity, 𝑣𝐿 is determined as 
𝑣𝐿 =
𝑘
𝜇
(𝑝−𝑝𝑒)
𝑤𝑚
,                            (39) 
where 𝑘 is the core matrix permeability, 𝜇 is the acid viscosity,  𝑝 is the pressure inside the fracture 
at point (𝑥, 𝑦), 𝑝𝑒 is the back-pressure, 𝑤𝑚 is the acid penetration distance perpendicular to the 
fracture wall.  
The width change was estimated by the equation below 
𝛽
𝜌𝑟(1−𝜑)
(2𝜂𝑣𝐿𝐶̅ + 2𝐶̅𝑘𝑔) =
𝜕𝑤
𝜕𝑡
 ,                        (40) 
where zero concentration at the fracture wall is assumed, and 𝜂 is set to 0.3 to account for 30% of 
acid reacting with the fracture walls before leaking off. 
The fracture surface profile was generated numerically by either generating and then 
combining two rough surfaces or directly generating width distribution. After obtaining a good 
agreement between the modeling and the experimental results, the single-fracture model was 
improved to handle acidizing of the rock containing intercepting fractures and a fracture network.  
The simulation results for the acidizing of rock containing intersecting fractures indicated that acid 
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preferentially flows only into one of the fractures at the interception point. The fracture that 
receives the flow normally has larger average width or rougher surface. In the presence of fracture 
network, acid flows and etches fracture walls along the main flow path.  The main flow path was 
numerically generated and the properties of the individual fractures were specified. It was assumed 
that fracture length follows power law distribution, fracture width follows log-normal distribution, 
and the fracture height is the same for all the fractures in the network. Gaussian distribution was 
used to generate surface roughness of the fractures in the main flow path. Each fracture in the main 
flow path intersects two other fractures. Two connected fractures may intersect at any point along 
the fracture. Intersection points are randomly generated, and two points are evenly distributed 
along the fracture length.  The fractures are generated independently and then connected with each 
other in the order of generation to form the main flow path. The process of the main flow path 
generation is shown in Figure 5. 
 
 
 
 
Figure 5 - Numerical generation of the fracture main flow path. Adapted from Dong (2001) 
 
 
 
To the total leakoff from the main flow path was determined as a combination of the leakoff 
through the matrix and the leakoff into the fractures intersecting with the main flow path. It was 
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assumed that pressure would increase very fast in the region close the main flow path and would 
be similar to the pressure inside the fractures in the main flow. The width of that region was 
assumed to be equal to the length of the shortest tail fracture (Figure 6). The matrix leakoff is 
proportional to the pressure difference between this region and the reservoir and can be calculated 
using Carter’s leakoff coefficient. The leakoff coefficient at the interception point with the shortest 
tail fracture was assumed to be equal to the matrix leakoff coefficient. The leakoff coefficient at 
the interception points other than with the shortest tail fracture was assumed to be proportional to 
the ratio of a tail fracture length to the shortest tail fracture length. The leakoff coefficient at the 
interception points increases as the length of the tail fractures increases. 
 
 
 
 
Figure 6 - Region of increased pressure caused by the tail fractures’ leakoff. Adapted from Dong (2001) 
 
 
 
The simulation results showed that acid penetration distance increases with increasing 
length and width of the fractures in the main flow path. Acid penetration distance decreased for 
the cases of high standard deviation of width distribution and high leakoff. Also, the authors 
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concluded that the acid penetration was enhanced by the presence of a fracture network compared 
to acid flow through matrix alone.  
Salimi et al. (2014) investigated acidizing in naturally fractured reservoir using 
computational fluid dynamics simulation. The model domain represents a rectangular carbonate 
core containing one fracture, which extends from one of the core faces into the core and aligns 
with the core’s longer side. The governing equations that describe the flow through the matrix and 
the fracture are derived by combining Darcy’s equation and the continuity equation. The model 
uses tangential derivatives for pressure and height gradients to calculate the flow along the fracture, 
which is represented as an interior boundary within the model domain. Acid balance equation is 
solved for the concentration distribution in the matrix (in the domain) and in the fracture (at the 
inner boundary) taking into account the diffusion and convention terms. Similar to the flow 
equation, the tangential derivatives for concentration gradient are used to solve for the acid 
concentration profile inside the fracture. The etched width of the fracture is calculated using the 
same approach as presented by Dong et al. (2002b). The simulation results showed that mass 
transfer coefficient has a significant effect on etching. The authors also found that fracture width 
is the main parameter that defines the acid flow and reaction with either matrix or fracture walls. 
For fracture width greater than 200 micron, acid predominantly reacts with the fracture walls. For 
the case when fracture width is less than 20 micron, acid mainly reacts with the matrix.  
In contrast to matrix acidizing, there is a limited number of publications on modeling of 
the acid fracturing process in naturally fractured carbonates. Mou et al. (2012) studied the leakoff 
mechanism during acid fracturing in naturally fractured carbonate oil reservoirs. They developed 
a mathematical model, in which the hydraulic fracture is intersected by two natural fractures. The 
acid is injected into the hydraulic fracture and leaks into the matrix and microfractures through the 
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hydraulic fracture wall, and into the natural fractures and then into the reservoir through natural 
fracture walls. The schematic diagram of the model is shown in Figure 7. 
 
 
 
 
Figure 7 - Schematic diagram of the model domain. Adapted from Mou et al. (2012) 
 
 
 
To estimate the leakoff through the matrix and through the natural fractures, the continuity 
equation and the acid balance equation and solved for the two natural fractures in 1D (in 𝑥-
direction), and the fracture width is updated based on the etching. The same formulations are used 
for the mass balance, acid balance and width change equation as the ones presented by Dong et al. 
(2002b). After that, two continuity equations for the fracture system are solved.  
∇ ∙ (
𝜌𝑎𝑘𝑓𝑘𝑟𝑎
𝜇𝑎
∇𝑝𝑓) +
𝜎𝜌𝑎𝑘𝑓𝑘𝑟𝑎
𝜇𝑎
(𝑝𝑚 − 𝑝𝑓) =
𝜕
𝜕𝑡
(𝜑𝜌𝑎𝑆𝑎)𝑓 ,                 (41) 
∇ ∙ (
𝜌𝑜𝑘𝑓𝑘𝑟𝑜
𝜇𝑜
∇𝑝𝑓) +
𝜎𝜌𝑜𝑘𝑓𝑘𝑟𝑜
𝜇𝑜
(𝑝𝑚 − 𝑝𝑓) =
𝜕
𝜕𝑡
(𝜑𝜌𝑜𝑆𝑜)𝑓 ,                 (42) 
where  𝜌𝑎 is the acid density, 𝜌𝑜 is the oil density, 𝑘𝑓 is the fracture permeability, 𝑘𝑟𝑎 is the relative 
permeability to acid, 𝑘𝑟𝑜 is the relative permeability to oil, 𝜎 is the shape dependent constant, 𝑝𝑚 
is the matrix system pressure, 𝑝𝑓 is the fracture system pressure, 𝑆𝑎 is the acid saturation, 𝑆𝑜 is the 
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oil saturation, 𝜑 is the fracture porosity. In Equations 41 and 42 subscripts 𝑓 and 𝑚 refer to fracture 
and matrix properties, respectively. The pressure at the natural fractures inlet is assumed to be 
equal to the fracturing pressure inside the hydraulic fracture. It is assumed that all the acid that 
enters the natural fractures leaks off into the reservoir through the fracture walls. 
Finally, the continuity equations for the matrix system are resolved taking into account the 
fluid exchange between the fracture system and the matrix.  
𝜎𝜌𝑎𝑘𝑓𝑘𝑟𝑎
𝜇𝑎
(𝑝𝑚 − 𝑝𝑓) =
𝜕
𝜕𝑡
(𝜑𝜌𝑎𝑆𝑎)𝑚 ,                     (43) 
𝜎𝜌𝑜𝑘𝑓𝑘𝑟𝑜
𝜇𝑜
(𝑝𝑚 − 𝑝𝑓) =
𝜕
𝜕𝑡
(𝜑𝜌𝑜𝑆𝑜)𝑚 ,                       (44) 
The same notations are used in Equations 43 and 44 as in Equations 41 and 42. 
To estimate the amount of leakoff through the matrix, the effect of wormhole length on 
leakoff is considered. The wormhole length is calculated using the method presented by Talbot 
and Gdanski (2008). The etching of the hydraulic fracture and the width increase with time are 
neglected by the model. The pressure inside the hydraulic fracture is assumed to be constant during 
acid injection. 
The authors studied the effect of acid concentration as well as the natural fracture width, 
density, and permeability. They concluded that acid leakoff is greater than the leakoff of inert fluid, 
and the leakoff rate increases with increasing acid concentration. Also, they found that acid leakoff 
through the matrix was negligible compared to the leakoff through the natural fractures, and the 
leakoff increased with increasing natural fractures width and the fracture density. The leakoff 
through the natural fractures was found to increase with time as the fractures being stimulated, and 
then decrease due to compressibility effects.  
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Xu et al. (2014) studied the acid leakoff behavior in naturally fractured gas reservoirs by 
continuing the work of Mou et al. (2012) described above. Their simulation results showed similar 
trends with the results of Mou et al. for the oil reservoir. According to their findings, the natural 
fractures leakoff has even more significant contribution to the total leakoff with matrix leakoff 
being negligible and reducing to less than 10% of the total leakoff during the first 10 minutes of 
acid injection. 
Overall, extensive work has been done in modeling of the acid fracturing process and 
estimating the acid fracture conductivity. Recent studies (Mou et al. 2012; Xu et al. 2014) have 
shown that the acid leakoff behavior during acid fracturing in a naturally fractured reservoir is 
significantly different from the acid loss in a reservoir without natural fractures. In naturally 
fractured formations the total acid leakoff is dominated by the leakoff through the natural fracture, 
and the leakoff rate depends on the natural fracture properties. Also, the etching of the natural 
fractures would not only affect the leakoff but also the overall fracture conductivity. Therefore, to 
accurately predict the acid fracturing performance in a naturally fractured carbonate reservoirs, the 
presence of natural fractures has to be taken into account when modeling the acid fracturing 
process and estimating fracture conductivity. 
To our knowledge, there has been no published studies on modeling the acid fracturing in 
naturally fractured carbonate reservoir and investigating the effect of the natural fractures on 
stimulation efficiency. The next chapter describes the process of developing such model. The 
model aims to simulate the acid fracturing treatment in a naturally fractured carbonate reservoir, 
estimate the fracture conductivity, and evaluate the well productivity for a wide range of input 
parameters. 
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3 METHODOLOGY 
 
3.1 Development of Acid Fracturing Model  
The existing acid fracturing models predict the conductivity by taking into account the 
etching of the hydraulically induced fracture only. A newly developed model accounts for the acid 
flow, acid/rock reaction, and fracture with change for both hydraulic and natural fractures. The 
modeling approach and assumptions are described below. 
3.1.1  Physical Domain of the Model 
Natural fractures are irregularly distributed in a carbonate reservoir and are grouped into 
sets with preferred fracture orientation. To simplify the problem, the model contains a hydraulic 
fracture intersected by symmetric transverse natural fractures. The fracture geometry is 
approximated as a channel between two parallel plates. The model domain (Figure 8) is a 
parallelepiped of length, 𝑙, height, ℎ, and width, 𝑤. The coordinate system is defined such that the 
𝑥-axis is parallel to the length, the 𝑦-axis is parallel to the width, and the 𝑧-axis is aligned with the 
height of the parallelepiped. The 𝑥-𝑧 plane represents the fracture plane, and the distance between 
the planes, 𝑤, represents the fracture width. Acid is injected from one side of the fracture (through 
the 𝑦-𝑧 plane) and exits from the opposite side. Natural fractures intersect the hydraulic fracture 
perpendicular to the 𝑥-𝑧 plane, and the area of intersection has dimensions of ℎ ∙ 𝑤𝑛𝑓, where ℎ is 
the height of the natural fracture, which is equal to the hydraulic fracture height, and 𝑤𝑛𝑓 is the 
width of the natural fracture. The control volume is a parallelepiped with dimensions of ∆𝑥, ∆𝑦, 
and 𝑤, where 𝑤 is the fracture width at the point (𝑥, 𝑦).  
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Figure 8 - Hydraulic fracture model schematic 
 
 
 
For modeling of acid fracturing in a naturally fractured limestone reservoir, we can assume 
the following: 
1. Steady state flow. 
2. Laminar flow of incompressible Newtonian fluid.  
This assumption holds for injection of straight acid into a fracture at injection rates 
typical for an acid fracturing treatment rates. 
3. Gravity effects are neglected.  
4. Infinite acid/rock reaction rate.  
This assumption is valid for the fast reaction between concentrated hydrochloric acid 
with calcite. 
5. Leakoff behavior follows the modified Carter’s fluid loss model.  
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The model has several limitations that may affect the accuracy of results when the actual 
conditions deviate significantly from the conditions assumed by the model. First, Carter’s leakoff 
model assumes that fracture is surrounded by infinite reservoir, meaning that fractures do not 
communicate with each other. This assumption imposes the restriction on the natural fracture 
spacing. The distance between natural fractures should be large enough to ensure no pressure 
communication between natural fractures during acid injection. In addition, the model assumes 
that the acid is evenly distributed among all the natural fractures, irrespective of their location, and 
leaks off through the hydraulic fracture walls along the whole fracture length. The total leakoff is 
limited by the injection rate and is proportionally distributed between the hydraulic fracture and 
the natural fracture. In reality, if the leakoff is high at the beginning of the treatment and exceeds 
the pumping rate, the acid would not reach the natural fractures located away from the hydraulic 
fracture inlet until the leakoff decreases below the injection rate. Therefore, the natural fractures 
located closer to the hydraulic fracture entrance will be stimulated for a longer time compared with 
the fractures located closer to the hydraulic fracture tip. Also, the leakoff through the hydraulic 
fracture walls would initially occur only across the portion of the fracture.  
Another limitation arises from the assumption of smooth fracture surface that is included 
into the theory of flow between parallel plates adopted in this model. A real fracture is 
characterized by a variation in surface topography. The effect of surface roughness on fluid flow 
in the fracture becomes more prominent as the Reynolds number increases. For transition flow, 
the relationship between pressure drop inside the fracture and the flow rate deviates from the linear 
dependence described by the Darcy’s law, and the pressure drop becomes a cubic function of flow 
rate. For turbulent flow, the pressure differential is a quadratic function of flow rate, and the 
relationship is described by Forcheimer’s flow equation (Economides et al. 2013). The critical 
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Reynolds number, at which Forcheimer flow regime becomes noticeable, decreases with 
increasing fracture roughness (Zimmerman et al. 2004) because the rough surface increases 
tortuosity of the fluid flow and creates turbulence. Therefore, for non-Darcy flow, the cubic law, 
according to which the fluid velocity is proportional to the cube of fracture width, cannot be used 
to accurately estimate the flow in the fracture. The surface roughness effects are neglected in this 
model. 
Also, the model does not simulate the hydraulic fracture propagation during the acid 
fracturing treatment. Instead, the model assumes the initial fracture geometry and the fixed fracture 
height and length throughout the whole treatment. The model assumes that portion of the acid 
injected into the fracture leaks off into the reservoir and the rest of it exits through the fracture tip. 
Therefore, for some of the simulation cases, when the hydraulic fracture does not have a sufficient 
length, the acid may not be fully spent inside the fracture before reaching the tip. This creates an 
artificial effect of concentrated acid flowing through the fracture tip into formation without 
extending the fracture length. In order to eliminate this effect, for some of the simulation case 
studies the initial length of the hydraulic fracture has to be increased to have zero acid 
concentration at the fracture tip.   
3.1.2  Numerical Model for Hydraulic Fracture Domain 
The width change of the hydraulic fracture due to the acid-rock reaction is calculated 
numerically using the finite difference discretization scheme. First, the mass conservation equation 
is solved to obtain velocity field. Then acid transport equation is resolved for acid concentration 
profile in the fracture. Knowing the concertation distribution along the fracture length and the 
concentration of acid transported towards the fracture walls, the etched width of the fracture is 
estimated based on the amount of rock dissolved by acid. 
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3.1.2.1 Mass Conservation in Hydraulic Fracture 
The change of the control volume during a period of time, ∆𝑡 is equal to the amount of acid 
flowing in minus the amount of acid flowing out assuming there is no acid accumulation inside 
the control volume. The amount of acid flowing into the control volume is equal to  
∆𝑡(𝜌𝑎𝑣𝑥𝑤𝑥,𝑧∆𝑧 + 𝜌𝑎𝑣𝑧𝑤𝑥,𝑧∆𝑥).  The amount of acid flowing out of the control volume is equal to 
∆𝑡(𝜌𝑎𝑣𝑥+∆𝑥𝑤𝑥+∆𝑥,𝑧∆𝑧 + 𝜌𝑎𝑣𝑧+∆𝑧𝑤𝑥,𝑧+∆𝑧∆𝑥 + 2𝜌𝑎𝑣𝐿∆𝑥∆𝑧). The third term in the summation 
accounts for the amount of acid flowing out of the control volume perpendicular to the fracture 
plane and corresponds to the acid leakoff. The change of the control volume during ∆𝑡 is equal to  
∆𝑥∆𝑦(𝜌𝑎𝑤𝑥,𝑦
𝑛+1−𝜌𝑎𝑤𝑥,𝑦
𝑛). Therefore, the mass conservation in the control volume is given by 
∆𝑡(𝜌𝑎𝑣𝑥𝑤𝑥,𝑧∆𝑧 + 𝜌𝑎𝑣𝑧𝑤𝑥,𝑧∆𝑥 − 𝜌𝑎𝑣𝑥+∆𝑥𝑤𝑥+∆𝑥,𝑧∆𝑧 − 𝜌𝑎𝑣𝑧+∆𝑧𝑤𝑥,𝑧+∆𝑧∆𝑥 −
2𝜌𝑎𝑣𝐿∆𝑥∆𝑧) = ∆𝑥∆𝑦(𝑤𝑥,𝑧
𝑛+1−𝑤𝑥,𝑧
𝑛) ,                     (45) 
where ∆𝑥, ∆𝑧, 𝑤𝑥,𝑧 are the length, the height, and the width of the control volume, respectively, 𝑣𝑥 
and 𝑣𝑧 are the velocity components in 𝑥 and 𝑧 directions, respectively, averaged across the fracture 
width, 𝑣𝐿 is the leakoff velocity, 𝜌𝑎 is the acid density, 𝑛 and 𝑛 + 1 are the indices for the time 
level 𝑡 and 𝑡 + ∆𝑡, respectively. 
Assuming acid is incompressible and 𝜌𝑎 is constant, and dividing Equation 45 by ∆𝑥∆𝑧∆𝑡, 
the conservation equation has the form 
𝑣𝑥𝑤𝑥,𝑧−𝑣𝑥+∆𝑥𝑤𝑥+∆𝑥,𝑧
∆𝑥
+
𝑣𝑧𝑤𝑥,𝑧−𝑣𝑧+∆𝑧𝑤𝑥,𝑧+∆𝑧
∆𝑧
− 2𝑣𝐿 =
𝑤𝑥,𝑧
𝑛+1−𝑤𝑥,𝑧
𝑛
∆𝑡
,                (46) 
Taking the limit of Equation 46 at ∆𝑥 → 0, ∆𝑧 → 0, and ∆𝑡 → 0, a mass conservation inside the 
hydraulic fracture in differential form is described by the following equation 
𝜕(𝑣𝑥𝑤)
𝜕𝑥
+
𝜕(𝑣𝑧𝑤)
𝜕𝑧
− 2𝑣𝐿 =
𝜕𝑤
𝜕𝑡
                       (47) 
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Using the Darcy’s law and the theory of the flow between parallel plates described in Chapter 2, 
the velocity inside the fracture can be expressed as 
𝑣𝑥 =
𝑤2
12𝜇
𝜕𝑝
𝜕𝑥
,                                        (48) 
𝑣𝑧 =
𝑤2
12𝜇
𝜕𝑝
𝜕𝑧
,                                     (49) 
where 
𝑤2
12
  is equal to the fracture permeability at the point (𝑥, 𝑦), 𝑝 is the pressure at the point 
(𝑥, 𝑦), and 𝜇 is the fluid viscosity. Combining Equations 47–49, gives the following expression 
for the mass conservation equation 
1
12𝜇
𝜕
𝜕𝑥
(𝑤3
𝜕𝑝
𝜕𝑥
) +
1
12𝜇
𝜕
𝜕𝑧
(𝑤3
𝜕𝑝
𝜕𝑧
) − 2𝑣𝐿 =
𝜕𝑤
𝜕𝑡
                                      (50) 
Applying the assumption of the steady state condition, the fracture width is considered 
constant during a time step, Δ𝑡. Then, Equation 50 can be reformulated as 
1
12𝜇
𝜕
𝜕𝑥
(𝑤3
𝜕𝑝
𝜕𝑥
) +
1
12𝜇
𝜕
𝜕𝑧
(𝑤3
𝜕𝑝
𝜕𝑧
) − 2𝑣𝐿 = 0                     (51) 
3.1.2.2 Acid Transport in Hydraulic Fracture  
Once the acid flow velocity profile in the hydraulic fracture is known, the acid 
concentration profile in the fracture can be obtained. The acid accumulation in the control volume 
is equal to the amount of acid flowing into the control volume minus the amount of acid flowing 
out of the control volume. The similar approach as adopted by Dong (2002b) is followed, in which 
the acid concentration averaged across the fracture width, 𝐶?̅?,𝑧 is estimated, and the mass transfer 
coefficient, 𝑘𝑔 is used to characterize the acid transport towards the fracture walls by diffusive 
flux. The amount of acid flowing into the control volume is ∆𝑡(𝐶?̅?,𝑧𝑣𝑥𝑤𝑥,𝑧∆𝑧 + 𝐶?̅?,𝑧𝑣𝑧𝑤𝑥,𝑧∆𝑥). 
The amount of acid flowing out of the control volume is ∆𝑡(𝐶?̅?+∆𝑥,𝑧𝑣𝑥+∆𝑥𝑤𝑥+∆𝑥,𝑧∆𝑧 +
𝐶?̅?,𝑧+∆𝑧𝑣𝑧+∆𝑧𝑤𝑥,𝑧+∆𝑧∆𝑥 + 2𝐶?̅?,𝑧𝑣𝐿∆𝑥∆𝑧 + 2𝐶?̅?,𝑧𝑘𝑔∆𝑥∆𝑧), where the third and the fourth terms 
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account for the acid flow perpendicular to fracture plane driven by leakoff and diffusion.  The 
accumulation term is equal to ∆𝑥∆𝑦((𝐶?̅?,𝑧𝑤𝑥,𝑧)
𝑛+1−(𝐶?̅?,𝑧𝑤𝑥,𝑧)
𝑛). The acid transport equation has 
the following form 
∆𝑡(𝐶?̅?,𝑧𝑣𝑥𝑤𝑥,𝑧∆𝑧 + 𝐶?̅?,𝑧𝑣𝑧𝑤𝑥,𝑧∆𝑥 − 𝐶?̅?+∆𝑥,𝑧𝑣𝑥+∆𝑥𝑤𝑥+∆𝑥,𝑧∆𝑧 − 𝐶?̅?,𝑧+∆𝑧𝑣𝑧+∆𝑧𝑤𝑥,𝑧+∆𝑧∆𝑥 −
2𝐶?̅?,𝑧𝑣𝐿∆𝑥∆𝑧 − 2𝐶?̅?,𝑧𝑘𝑔∆𝑥∆𝑧)= ∆𝑥∆𝑦((𝐶?̅?,𝑧𝑤𝑥,𝑧)
𝑛+1−(𝐶?̅?,𝑧𝑤𝑥,𝑧)
𝑛)                         (52) 
 Dividing Equation 52 by ∆𝑥∆𝑧∆𝑡 gives  
?̅?𝑥,𝑧𝑣𝑥𝑤𝑥,𝑧−?̅?𝑥+∆𝑥,𝑧𝑣𝑥+∆𝑥𝑤𝑥+∆𝑥,𝑧
∆𝑥
+
?̅?𝑥,𝑧𝑣𝑧𝑤𝑥,𝑧−?̅?𝑥,𝑧+∆𝑧𝑣𝑧+∆𝑧𝑤𝑥,𝑧+∆𝑧
∆𝑧
− 2𝐶?̅?,𝑧𝑣𝐿 − 2𝐶?̅?,𝑧𝑘𝑔 =
(?̅?𝑥,𝑧𝑤𝑥,𝑦)
𝑛+1−(?̅?𝑥,𝑧𝑤𝑥,𝑦)
𝑛
∆𝑡
 ,                           (53) 
Taking the limit of Equation 53 at ∆𝑥 → 0, ∆𝑧 → 0, and ∆𝑡 → 0, it will have the form 
𝜕(?̅?𝑣𝑥𝑤)
𝜕𝑥
+
𝜕?̅?𝑣𝑧𝑤
𝜕𝑧
− 2𝐶̅𝑣𝐿 − 2𝐶̅𝑘𝑔 =
𝜕(?̅?𝑤)
𝜕𝑡
 ,                     (54) 
Substituting Equations 48 and 49 into Equation 54, we obtain the expression for acid transport in 
the hydraulic fracture as 
1
12𝜇
𝜕
𝜕𝑥
(𝐶̅𝑤3
𝜕𝑝
𝜕𝑥
) +
1
12𝜇
𝜕
𝜕𝑧
(𝐶̅𝑤3
𝜕𝑝
𝜕𝑧
) − 2𝐶̅𝑣𝐿 − 2𝐶̅𝑘𝑔 =
𝜕(?̅?𝑤)
𝜕𝑡
                                             (55) 
Applying the assumption of the steady state condition, the fracture width is considered constant 
during a time step, Δ𝑡. Then Equation 54 can be reformulated as 
1
12𝜇
𝜕
𝜕𝑥
(𝐶̅𝑤3
𝜕𝑝
𝜕𝑥
) +
1
12𝜇
𝜕
𝜕𝑧
(𝐶̅𝑤3
𝜕𝑝
𝜕𝑧
) − 2𝐶̅𝑣𝐿 − 2𝐶̅𝑘𝑔 =
𝑤𝜕?̅?
𝜕𝑡
                   (56) 
3.1.2.3 Hydraulic Fracture Width Change 
Width change is calculated based on the amount of acid available for reaction with rock at 
fracture walls and on the dissolving power of acid. The amount of acid transported into the 
direction perpendicular to the fracture walls by leakoff and by diffusion is ∆𝑡(2𝐶?̅?,𝑧𝑣𝐿∆𝑥∆𝑧 +
2𝐶?̅?,𝑧𝑘𝑔∆𝑥∆𝑧). All the diffused acid reacts with the rock, however most of the leakoff acid leaves 
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the fracture without etching the walls. Only small portion of acid reacts with the rock at fracture 
face before leaking off into the reservoir. It is assumed that acid that leaks into natural fractures 
does not react with the hydraulic fracture walls. Thus, the amount of acid reacted with fracture 
walls is ∆𝑡(2𝐶?̅?,𝑧𝜂𝑣𝐿∆𝑥∆𝑧 + 2𝐶?̅?,𝑧𝑘𝑔∆𝑥∆𝑧), where 𝜂 is the fraction of the acid reacting with the 
rock at fracture walls before leaking off. Mou (2009) assumed 𝜂 equals to 0.3 in his study, in 
which 𝜂 was determined empirically. The same value of 𝜂  has been adopted in this work. The 
change of the control volume due to acid dissolution during time ∆𝑡 is ∆𝑥∆𝑧(𝑤𝑥,𝑦
𝑛+1−𝑤𝑥,𝑦
𝑛). 
The volume of rock dissolved by acid is calculated as 𝛽∆𝑡(2𝐶?̅?,𝑧𝜂𝑣𝐿∆𝑥∆𝑧 + 2𝐶?̅?,𝑧𝑘𝑔∆𝑥∆𝑧)/
𝜌𝑟(1 − 𝜙), where 𝛽 is the gravimetric dissolving power of the acid that defines the mass of rock 
dissolved per unit mass of reacted acid of a given concentration, 𝜌𝑟 is the density of the rock, and 
𝜙 is the rock porosity. By equating the volume of dissolved rock and the change in control volume 
due to rock dissolution, we obtain the following expression 
𝛽
𝜌𝑟(1−𝜙)
∆𝑡(2𝐶?̅?,𝑧𝜂𝑣𝐿∆𝑥∆𝑧 + 2𝐶?̅?,𝑧𝑘𝑔∆𝑥∆𝑧) = ∆𝑥∆𝑧(𝑤𝑥,𝑦
𝑛+1−𝑤𝑥,𝑦
𝑛)               (57) 
Dividing Equation 57 by ∆𝑥∆𝑧∆𝑡 gives  
𝛽
𝜌𝑟(1−𝜙)
(2𝐶?̅?,𝑧𝜂𝑣𝐿 + 2𝐶?̅?,𝑧𝑘𝑔) =
𝑤𝑥,𝑦
𝑛+1−𝑤𝑥,𝑦
𝑛
∆𝑡
                     (58) 
Taking the limit of Equation 58 at ∆𝑡 → 0, the change of the hydraulic fracture width is estimated 
by the following equation 
𝛽
𝜌𝑟(1−𝜙)
(2𝐶?̅?,𝑧𝜂𝑣𝐿 + 2𝐶?̅?,𝑧𝑘𝑔) =
𝜕𝑤
𝜕𝑡
                        (59) 
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3.1.2.4 Leakoff Model 
The leakoff is assumed to be uniform across the fracture face and is estimated using 
modified Carter’s leakoff model described earlier. Thus, the leakoff velocity, 𝑣𝐿 in the mass 
conservation, the acid transport, and the width change equations is estimated as 
𝑣𝐿 =
𝐶𝐿
√𝑡
,                              (60) 
where 𝐶𝐿 is the modified leakoff coefficient defined by Equation 5, where 𝐶𝑣,𝑤ℎ is the modified 
viscous leakoff coefficient (Equation 6). The leakoff coefficient depends on the pressure difference 
between the fracture and the reservoir, the reservoir properties, and the fluid properties.  The pore 
volume to breakthrough, 𝑃𝑉𝑏𝑡 of 1.2 is assumed to calculate the viscous component of the leakoff 
coefficient, which is a typical value of 𝑃𝑉𝑏𝑡 for the limestone–HCl system (Hill et al. 1995). 
It is assumed by the model that the pressure at the natural fracture entrance is equal to the 
pressure inside the hydraulic fracture at the fractures’ intersection location, and the pressure drop 
along the natural fracture length is negligible.  
The leakoff flowrate is calculated for both the hydraulic fracture and the natural fractures 
as the following 
𝑞𝐿 = 2𝑣𝐿𝑥𝑓ℎ,                                  (61) 
where 𝑞𝐿 is the acid flowrate into one wing of the fracture, 𝑥𝑓 is the half-length of the fracture, and 
ℎ is the height of the fracture. If the total leakoff rate into the hydraulic fracture and all the natural 
fractures, 𝑞𝑡𝑜𝑡  exceeds the injection rate, 𝑞𝑖  , the flowrate of individual fractures is adjusted 
proportionally as 
 𝑞𝐿𝑎𝑑𝑗 = 𝑞𝐿
𝑞𝑖
𝑞𝑡𝑜𝑡
                             (62) 
Then the leakoff velocity through the fracture walls is calculated as 
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𝑣𝐿 =
𝑞𝐿𝑎𝑑𝑗
2𝑥𝑓ℎ
 ,                                         (63) 
The leakoff velocity of the flow from the hydraulic fracture into the natural fractures is 
obtained as 
𝑣𝐿 =
𝑞𝐿𝑛𝑓
2𝑤𝑛𝑓ℎ
 ,                                           (64) 
where 𝑞𝐿𝑛𝑓 is the flowrate into the natural fracture, 𝑤𝑛𝑓 is the width of the natural fracture. 
3.1.2.5 Initial and Boundary Conditions 
It is assumed that before the acid injection begins, the pressure inside the hydraulic fracture 
is equal to the minimum horizontal stress, 𝜎ℎ, which is expressed as (Economides et al. 2013) 
𝜎ℎ =
𝜈
1−𝜈
𝜎𝑣
′ + 𝛼𝑝𝑟 ,                                      (65) 
where 𝜈 is the Poisson’s ratio, 𝜎𝑣
′  is the effective vertical stress, 𝛼 is the Biot’s poroelastic constant, 
which is equal to 0.7 for hydrocarbon reservoir, 𝑝𝑟 is the reservoir pressure. Initial acid 
concentration inside the fracture is assumed to be zero, and the initial width of the hydraulic 
fracture is equal to the dynamic width. 
Initial Conditions: 
𝑝(𝑥, 𝑧) = 𝜎ℎ  ∀𝑥,  𝑧                            𝑡 = 0 
𝐶̅(𝑥, 𝑧) = 0  ∀𝑥,  𝑧                              𝑡 = 0                     (66) 
𝑤(𝑥, 𝑧) = 𝑤𝑖  ∀𝑥,  𝑧                           𝑡 = 0 
During the acid injection, pressure at the fracture outlet is assumed to be equal to the 
minimum horizontal stress, the flow rate at the fracture inlet, 𝑞𝑖, is equal to the acid injection rate, 
and no flow across the top and the bottom of the hydraulic fracture is assumed. 
Boundary Conditions: 
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𝑝(𝐿, 𝑧) = 𝜎ℎ  ∀𝑧                               𝑡 > 0 
𝐶̅(0, 𝑧) = 𝐶0  ∀𝑧                               𝑡 > 0                       (67) 
𝜕𝑝
𝑑𝑧
= 0   ∀𝑥,  𝑧 = 0, ℎ                       𝑡 > 0                                                         
∫
𝑤3
12𝜇
𝜕𝑝
𝜕𝑥
ℎ
0
𝑑𝑧 = 𝑞𝑖  𝑥 = 0, ∀𝑧       𝑡 > 0 
3.1.2.6 Numerical Simulation 
The mass conservation, the acid transport, and the width change equations (Equations 50, 
55, and 58) are the partial differential equations that are numerically solved by discretizing in time 
and/or in space using finite difference method. The value of the pressure at the center of each grid 
block is defined as 𝑝𝑖,𝑗, where 𝑖 and 𝑗 are the indices of the grid block in the 𝑥- and 𝑧-directions, 
respectively. A non-uniform gridding is applied along the fracture length, with refined grid size in 
the 𝑥-direction near the intersection of the hydraulic fracture with the natural fractures. The grid 
refinement scheme follows the geometric series with the refinement ratio being constant and the 
minimum grid size being equal to the natural fracture width.  The grid size in the 𝑧-direction is 
uniform.  
Discretization of the mass balance equation (Equation 51) is presented by terms. The 
discretized form of the partial derivative with respect to 𝑥 is defined as 
1
12𝜇
𝜕
𝜕𝑥
(𝑤3
𝜕𝑝
𝜕𝑥
)|
𝑖,𝑗
=
1
12𝜇
(𝑤3
𝜕𝑝
𝜕𝑥
)|
𝑖+1/2,𝑗
−(𝑤3
𝜕𝑝
𝜕𝑥
)|
𝑖−1/2,𝑗
Δ𝑥𝑖,𝑗
                   (68) 
where 
(𝑤3
𝜕𝑝
𝜕𝑥
)|
𝑖+1/2,𝑗
= (𝑝𝑖+1,𝑗 −  𝑝𝑖,𝑗) (
𝑤3 
Δ𝑥
)|
1+
1
2
,𝑗
=
𝑝𝑖+1,𝑗− 𝑝𝑖,𝑗
Δ𝑥𝑖+1,𝑗
2𝑤𝑖+1,𝑗
3 +
Δ𝑥𝑖,𝑗
2𝑤𝑖,𝑗
3
                  (69) 
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(𝑤3
𝜕𝑝
𝜕𝑥
)|
𝑖−1/2,𝑗
= (𝑝𝑖,𝑗 − 𝑝𝑖−1,𝑗) (
𝑤3 
Δ𝑥
)
1−
1
2
,𝑗
=
𝑝𝑖,𝑗− 𝑝𝑖−1,𝑗
Δ𝑥𝑖−1,𝑗
2𝑤𝑖−1,𝑗
3 +
Δ𝑥𝑖,𝑗
2𝑤𝑖,𝑗
3
             (70) 
Using the same approach, the partial derivative with respect to 𝑧 is discretized. The discretized 
form of Equation 51 is presented below 
1
12𝜇Δ𝑥𝑖,𝑗
(
𝑝𝑖+1,𝑗− 𝑝𝑖,𝑗
Δ𝑥𝑖+1,𝑗
2𝑤𝑖+1,𝑗
3 +
Δ𝑥𝑖,𝑗
2𝑤𝑖,𝑗
3
−
𝑝𝑖,𝑗− 𝑝𝑖−1,𝑗
Δ𝑥𝑖−1,𝑗
2𝑤𝑖−1,𝑗
3 +
Δ𝑥𝑖,𝑗
2𝑤𝑖,𝑗
3
) +
1
12𝜇Δ𝑧𝑖,𝑗
(
𝑝𝑖,𝑗+1− 𝑝𝑖,𝑗
Δ𝑧𝑖,𝑗+1
2𝑤𝑖,𝑗+1
3 +
Δ𝑧𝑖,𝑗
2𝑤𝑖,𝑗
3
−
𝑝𝑖,𝑗− 𝑝𝑖,𝑗−1
Δ𝑧𝑖,𝑗−1
2𝑤𝑖,𝑗−1
3 +
Δ𝑧𝑖,𝑗
2𝑤𝑖,𝑗
3
) − 2𝑣𝐿𝑖,𝑗 = 0       (71) 
Following the same procedure described above, the discretized form of the acid transport 
equation (Equation 56) is defined as 
1
12𝜇Δ𝑥𝑖,𝑗
[(𝑤3
𝜕𝑝
𝜕𝑥
)|
𝑖,𝑗
− (𝑤3
𝜕𝑝
𝜕𝑥
)|
𝑖−1,𝑗
] (𝐶?̅?,𝑗 −  𝐶?̅?−1,𝑗)
𝑛+1
+
1
12𝜇Δ𝑧𝑖,𝑗
[(𝑤3
𝜕𝑝
𝜕𝑥
)|
𝑖,𝑗
−
(𝑤3
𝜕𝑝
𝜕𝑥
)|
𝑖,𝑗−1
] (𝐶?̅?,𝑗 −  𝐶?̅?,𝑗−1)
𝑛+1
− 2𝐶?̅?,𝑗
𝑛+1
𝑣𝐿𝑖,𝑗 − 2𝐶?̅?,𝑗
𝑛+1
𝑘𝑔 = 𝑤𝑖,𝑗
?̅?𝑖,𝑗
𝑛+1
−𝐶̅𝑖,𝑗
𝑛
Δ𝑡
         (72) 
The discretized form of the width change equation (Equation 59) is expressed as 
𝛽
𝜌𝑟(1−𝜙)
(2𝐶?̅?,𝑗𝜂𝑣𝐿𝑖,𝑗 + 2𝐶?̅?,𝑗𝑘𝑔)
𝑛+1
=
𝑤𝑖,𝑗
𝑛+1−𝑤𝑖,𝑗
𝑛
Δ𝑡
                    (73) 
When written for each grid block, Equations 71 and 72 form systems of 𝑖 × 𝑗 linear 
equations that are solved numerically for pressure and concentration using Gaussian elimination 
method. 
3.1.2.7 Model Validation 
To validate numerical solution of Equations 50 and 55, the numerically calculated results 
are compared with the analytical solution. The case with zero leakoff (no natural fractures) is 
simulated for model validation. Pressure solution is compared with the pressure drop along the 
fracture length calculated using Darcy’s law (Figure 9). Concentration solution is validated against 
analytical solution for acid penetration inside a channel between non-leaky plates (Prins et al. 
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1951). The shape of the concentration profile curve is defined by the value of 𝑘𝑔. The best match 
between the numerical and analytical solution of concentration was obtained for 𝑘𝑔 of 2.15×10
-5 
m/s when equivalent diffusion coefficient, 𝐷𝑒 is 1.25×10
-8 m2/s. The value of 2×10- 5 m/s for 𝑘𝑔 
was used by Dong (2001) in his study to simulate the acid transport of straight 15wt% HCl acid. 
The results for both numerical and analytical solutions are presented in Figure 10, where the 
dimensionless length is defined as 
 𝐿𝐷 =
2𝐷𝑒𝑥
3?̅?(?̅?/2)2
 ,                    (74) 
where 𝑥 is the distance from the fracture inlet, ?̅? is the average flow velocity, and ?̅? is the average 
width of the fracture. 
 
 
 
 
 
Figure 9 - Validation of pressure solution 
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Figure 10 - Validation of concentration solution 
 
 
 
3.1.3  Analytical Model for Natural Fractures 
Analytical model is used to estimate the acid penetration inside the natural fractures and to 
calculate the etched width. The analytical solution to the laminar flow problem between two 
parallel porous plates was first derived for the heat flow by Berman (1953) and then modified by 
Terrill (1965). Schechter (1992) adapted the solution for the acid flow in the fracture. 
3.1.3.1 Acid Penetration in the Natural Fracture 
Berman (1953) showed that for the laminar flow inside a fracture of the width, ?̅?, the height, ℎ, 
and the length, 𝐿, the Navier-Stokes equation and the mass conservation equation are defined as 
𝑣𝑥(𝑥, 𝑦) = (𝑣𝐴
0 − 𝑣𝐿𝑥)𝑓
′(𝜉)                              (75) 
and 
𝑣𝑦(𝑥, 𝑦) = 𝑣𝐿𝑓(𝜉)                           (76) 
where 𝑥 and 𝑦 are the distances measured parallel and perpendicular to the fracture plane, 
respectively, 𝑣𝑥 and 𝑣𝑦 are the velocity components in 𝑥- and 𝑦-directions, respectively, 𝑣𝐴
0 is the 
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acid injection velocity, which is defined as 𝑞𝑖/2?̅?ℎ, 𝑣𝐿 is the fluid loss velocity, which is defined 
as 𝑞𝑖/2ℎ𝐿, 𝜉 is the dimensionless width, which is defined as 2𝑦/?̅? and is equal to ±1 at fracture 
walls, and 𝑓′(𝜉)  is the derivative of 𝑓(𝜉) with respect to 𝜉.    
Fluid loss Reynold number, 𝑁𝑅𝑒
∗ is defined as 
𝑁𝑅𝑒
∗ =
𝑣𝐿?̅?𝜌
2𝜇
                              (77) 
For |𝑁𝑅𝑒
∗|<7, it was shown that 
𝑓(𝜉) =
𝜉
2
(3 − 𝜉2) +
𝑁𝑅𝑒
∗
280
𝜉(−𝜉6 + 3𝜉2 − 2) +
3𝑁𝑅𝑒
2 ∗
280
𝜉 (
𝜉10
990
−
𝜉8
36
+
𝜉6
70
+
146
2310
𝜉2 −
−
703
13860
) + Ο(𝑁𝑅𝑒
3 ∗)                             (78) 
Acid balance equation is expressed as 
−𝑣𝑥
𝜕𝐶
𝜕𝑥
− 𝑣𝑦
𝜕𝐶
𝜕𝑦
+  
𝜕
𝜕𝑦
(𝐷𝑒
𝜕𝐶
𝜕𝑦
) = 0                    (79) 
Equation 79 assumes that accumulation and reaction terms are neglected. By making concentration 
in 𝑥-coordinate dimensionless we obtain 
Γ =
𝐶
𝐶𝑜
                              (80) 
and 
𝜀 =
2𝑥
?̅?
                               (81) 
Substituting Equations 75 and 76 for velocity components into dimensionless form of Equation 79, 
the following expression is obtained 
− (1 −
𝑁𝑅𝑒
∗
𝑁𝑅𝑒
) 𝑓′(𝜉)
𝜕Γ
𝜕𝜀
−
𝑁𝑅𝑒
∗
𝑁𝑅𝑒
𝑓(𝜉)
𝜕Γ
𝜕𝜂
=
𝑁𝑅𝑒
∗
𝑁𝑃𝑒𝑁𝑅𝑒
𝜕2Γ
𝜕𝜉2
                    (82) 
where the Reynolds number, 𝑁𝑅𝑒 and the Peclet number, 𝑁𝑃𝑒 are defined as 
𝑁𝑅𝑒 =
𝑣𝐴
0 ?̅?𝜌
2𝜇
=
𝑞𝑖𝜌
4ℎ𝜇
                          (83) 
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and 
𝑁𝑃𝑒 =
𝑣𝐿?̅?
2𝐷𝑒
                            (84) 
Imposing the boundary conditions 
Γ = 0 at 𝜉 = ±1                            (85) 
Γ = 1 at 𝜀 = 0,  
meaning that acid concentration is zero at fracture walls and is equal to initial concentration at the 
fracture inlet, the solution of Equation 82 was obtained by Terrill (1965) by separation of variables. 
The solution for acid concentration, 𝐶̅ averaged across y as a function of 𝑥 is expressed as 
?̅?
𝐶0
= ∑ 𝐺𝑛 (1 −
𝑁𝑅𝑒
∗
𝑁𝑅𝑒
𝜀)
2𝜆𝑛
2
3𝑁𝑃𝑒∞
𝑛=0                        (86) 
where 𝜆𝑛 are the eigenvalues, and 𝐺𝑛 are constants that are defined as 
𝜆𝑛 = ∑ 𝑔𝑖,𝑛𝑁𝑃𝑒
𝑖 + ∑ ℎ𝑖,𝑛𝑁𝑅𝑒∗
𝑖2
𝑖=1 ,
3
𝑖=0                                             (87) 
𝐺𝑛 = ∑ ?̅?𝑖,𝑛𝑁𝑃𝑒
𝑖 + ∑ ℎ̅𝑖,𝑛𝑁𝑅𝑒∗
𝑖2
𝑖=1 ,
3
𝑖=0                                      (88) 
 
 
 
Table 1 - Coefficients to calculate 𝝀𝒏 and 𝑮𝒏 
 
Coefficients n = 0 n = 1 n = 2 n = 3 n = 4 
𝑔0,𝑛 1.68231 5.67053 9.66842 13.66772 17.6674 
𝑔1,𝑛 × 10
-1 -0.226693 -0.69600 -0.39587 -0.27662 -0.21305 
𝑔2,𝑛 × 10
-3 6.7544 17.2931 10.7745 7.9375 6.3431 
𝑔3,𝑛 × 10
-4 -1.8408 -2.9304 -0.5564 -0.1358 -0.0373 
ℎ1,𝑛 × 10
-3 6.7593 1.0032 -5.7028 -9.1500 -12.4496 
ℎ2,𝑛 × 10
-3 -4.6274 -3.4376 -0.4705 -0.5668 -0.71169 
?̅?0,𝑛 × 10
-1 9.10378 0.53126 0.15272 0.06807 0.03739 
?̅?1,𝑛 × 10
-4 -2.38279 1.88909 0.39035 0.0733 0.01901 
?̅?2,𝑛 × 10
-4 14.9298 -12.5375 -1.6607 -0.4172 -0.1503 
?̅?3,𝑛 × 10
-5 -8.97017 8.13482 0.680785 0.111312 0.027559 
ℎ̅1,𝑛 × 10
-4 -7.08188 4.01538 1.03940 0.58639 0.35277 
ℎ̅2,𝑛 × 10
-4 -1.18392 0.35148 0.51540 0.141225 0.056322 
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Equation 86 is only valid for laminar flow (𝑁𝑅𝑒 < 1000). If this solution is restricted to 
0.001< 𝑁𝑅𝑒∗ < 1 and 𝑁𝑃𝑒 < 8, only the first five terms in the summation (Equations 87 and 88) 
are required. The values of coefficients to calculate 𝜆𝑛 and 𝐺𝑛 are given in Table 1. Equation 82 
in dimensional form is expressed as 
?̅?
𝐶0
= ∑ 𝐺𝑛 (1 −
𝑥
𝐿
)
2𝜆𝑛
2
3𝑁𝑃𝑒∞
𝑛=0                           (89) 
3.1.3.2 Natural Fracture Width Change 
The ideal fracture width, which is defined by the volume of dissolved rock, is calculated 
analytically based on the acid concentration profile. Consider a control volume of fracture of 
length, Δ𝑥, width, ?̅?, and height, ℎ (Figure 11).  
The amount of acid reacted in this control volume is given by 𝑡(?̅?ℎ𝐶?̅?𝑣𝑥 −
?̅?ℎ𝐶?̅?+Δ𝑥𝑣𝑥+Δ𝑥), where 𝑡 is the time of acid injection. The volume of rock that is dissolved by this 
amount of acid is given as 𝛽?̅?ℎ𝑡(𝐶?̅?𝑣𝑥 − 𝐶?̅?+Δ𝑥𝑣𝑥+Δ𝑥)/𝜌𝑟(1 − 𝜙). The volume of rock that would 
create a fracture is determined as 𝑤𝑖ℎΔ𝑥, where 𝑤𝑖 is the ideal fracture width.  
 
 
 
 
 
Figure 11 - Schematic diagram showing volume element of fracture. Adapted from Schechter (1992) 
 
 
 60 
 
Equating the actual volume of rock dissolved with the ideal volume, we obtain 
 
𝛽?̅?ℎ𝑡(?̅?𝑥𝑣𝑥−?̅?𝑥+Δ𝑥𝑣𝑥+Δ𝑥)
𝜌𝑟(1−𝜙)
= 𝑤𝑖ℎΔ𝑥                           (90) 
Taking a limit at Δ𝑥 →0 and rearranging the terms, we get the following expression for 
ideal width 
𝑤𝑖 = −
𝛽?̅?𝑡
𝜌𝑟(1−𝜙)
𝑑(?̅?𝑥𝑣𝑥)
𝑑𝑥
                             (91) 
It is assumed that acid leakoff is constant and uniform across the fracture walls. Velocity 
is defined as  
𝑣𝑥 = 𝑣𝐴
0 (1 −
𝑥
𝐿
) =
𝑞𝑖
2?̅?ℎ
(1 −
𝑥
𝐿
)                        (92) 
Substituting Equation 92 into 91, and multiplying the numerator and the denominator of 
the right hand side of the equation by 𝐶𝑜, we obtain 
𝑤𝑖 = −
𝛽𝑞𝑖𝑡𝐶𝑜
2𝜌𝑟ℎ(1−𝜙)
𝑑
𝑑𝑥
[(1 −
𝑥
𝐿
)
?̅?
𝐶𝑜
]                         (93) 
Substituting Equation 89 into Equation 93 and differentiating with respect to 𝑥, we get the 
following expression for the ideal width 
𝑤𝑖 =
𝛽𝐶𝑜𝑞𝑖𝑡
2𝜌𝑟(1−𝜑)ℎ𝐿
∑ 𝐺𝑛 (1 +
2𝜆𝑛
2
3𝑁𝑃𝑒
) (1 −
𝑥
𝐿
)
2𝜆𝑛
2
3𝑁𝑃𝑒∞
𝑛=0                     (94) 
To calculate the etched width of the natural fracture in the model using Equation 94, we 
set 𝑞𝑖 equal to the leakoff rate into the natural fracture, 𝐿 equal to the natural fracture half-length, 
and 𝐶𝑜 equal to the acid concentration inside the hydraulic fracture at the intersection with the 
natural fracture. Unless the natural fracture intersects the hydraulic fracture at the very entrance, 
𝐶𝑜 would be less than the initial acid concentration.  
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3.1.4  Numerical-Analytical Model Workflow 
Combined numerical-analytical model is used to calculate the etched width of the hydraulic 
fracture and the natural fractures that is achieved during acid injection. The final goal of the model 
is to evaluate fracture conductivity distribution that was created at the end of injection and is 
retained under the closure stress. The procedure for determining the fracture conductivity is as 
follows (Figure 12). First, the input parameters, such as hydraulic and natural fracture geometry, 
fracture spacing, treatment conditions, reservoir properties, and acid properties are defined. The 
number and locations of natural fractures are estimated based on the fracture spacing and the 
hydraulic fracture half-length. Then, the gridding of the hydraulic fracture domain is implemented. 
A non-uniform gridding is applied along the fracture length, with refined grid size in the 𝑥 direction 
near the intersection of the hydraulic fracture with the natural fracture.  
 
 
 
 
Figure 12 - Acid fracturing model workflow 
 
 
 
After that, the leakoff velocity is calculated using the modified Carter’s leakoff model and 
the leakoff rate through the hydraulic fracture and the natural fractures is estimated. The leakoff 
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of individual fractures is adjusted proportionally if the total leakoff exceeds the injection rate. 
Based on the obtained leakoff rate, the leakoff velocity is updated and the velocity of the flow 
from the hydraulic fracture into the natural fracture is estimated. The mass balance equation is then 
solved to obtain the pressure distribution along the hydraulic fracture. The updated value of the 
pressure difference is compared with the assumed value and the iteration process is repeated until 
convergence is obtained. Then, the acid balance equation is solved to obtain the acid concentration 
distribution along the hydraulic fracture. After that, the fracture width etching is estimated and the 
fracture width is updated.  
Based on the calculated natural fracture leakoff velocity, the leakoff Reynolds and Peclet 
numbers are calculate. The change of the natural fracture width is estimated analytically using the 
acid concentration distribution along the hydraulic fracture length as an input for the inlet acid 
concentration into the natural fractures. At the end of the treatment, the final fracture conductivities 
of the hydraulic fracture and the natural fractures are obtained based on the final fracture width 
that was achieved during the injection. To estimate the fracture conductivity of the hydraulic 
fracture and the natural fractures, the correlations developed by Mou et al. (2011) and Deng et al. 
(2012) are used. The correlations are described in details in Chapter 2. 
3.1 Development of Reservoir Model 
The acid fracturing model needs to be coupled with the reservoir model in order to estimate 
post-stimulation well productivity. A coupled model would also allow to achieve more realistic 
leakoff behavior compared to Carter’s leakoff by actually simulating the acid flow through the 
porous fracture walls and through the reservoir matrix in direction perpendicular to the fracture 
plane during acid injection. Hence, a reservoir model is necessary to simulate fluid flow through 
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the porous media from the fracture into the reservoir during acid injection and from the stimulated 
reservoir into the well during oil production.  
3.2.1  Theoretical Model 
The model simulates 3D fluid flow in a rectangular reservoir. A vertical well is located in 
the center of a reservoir, and is fully penetrating the reservoir thickness. A well is intersected by a 
bi-wing vertical fracture. The model domain represents one quarter of a reservoir (Figure 13). 
 
 
 
 
 
Figure 13 - Reservoir model domain (not to scale) 
 
 
 
The flow of fluid in a homogeneous porous medium is described by the diffusivity equation 
(Dake 1978): 
𝜕(𝜌𝜑)
𝜕𝑡
= 𝛻 ∙ (
𝜌𝑘
𝜇
𝛻𝑝) + ?̃?                         (95) 
where 𝜌 is the density of the fluid, 𝜇 is the viscosity of the fluid, 𝜑 is the porosity of the formation, 
𝑘 is the permeability of the formation, 𝑝 is the pore pressure, ?̃? is the external source/sink. The 
gravity terms are neglected in Equation 95.  
Expanding the left–hand side of Equation 95, we obtain 
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𝜕(𝜌𝜑)
𝜕𝑡
= 𝜑
𝜕𝜌
𝜕𝑡
+ 𝜌
𝜕𝜑
𝜕𝑡
= 𝜑
𝜕𝜌
𝜕𝑝
𝜕𝑝
𝜕𝑡
+ 𝜌
𝜕𝜑
𝜕𝑝
𝜕𝑝
𝜕𝑡
= (𝜑
𝜕𝜌
𝜕𝑝
+ 𝜌
𝜕𝜑
𝜕𝑝
)
𝜕𝑝
𝜕𝑡
              (96) 
Using the definitions of fluid compressibility, 𝑐𝑓 and rock compressibility, 𝑐𝑟, 
𝑐𝑓 =
1
𝜌
𝜕𝜌
𝜕𝑝
                                    (97) 
𝑐𝑟 =
1
𝜑
𝜕𝜑
𝜕𝑝
                                   (98) 
Equation 96 can be written as 
𝜕(𝜌𝜑)
𝜕𝑡
= 𝜑𝜌(𝑐𝑓 + 𝑐𝑟)
𝜕𝑝
𝜕𝑡
= 𝜌𝜑𝑐𝑡
𝜕𝑝
𝜕𝑡
 ,                      (99) 
where 𝑐𝑡 is the total compressibility. Substituting Equation 99 into 95, the diffusivity equation for 
incompressible fluid at standard conditions is expressed as 
𝜑𝑐𝑡
𝐵
𝜕𝑝
𝜕𝑡
=  𝛻 ∙ (
𝑘
𝐵𝜇
𝛻𝑝) +
?̃?
𝐵
                    (100) 
where 𝐵 is the formation volume factor, which is defined as the ration of the volume that the phase 
occupies at reservoir conditions to that at standard conditions.  
To solve Equation 100 numerically for the pressure field, discretization in time and space 
using the block-centered finite volume scheme is applied. Assuming the fluid flow through the 
volume element,𝑉𝑖,𝑗,𝑘 = ∆𝑥∆𝑦∆𝑧, where  𝑖, 𝑗, 𝑘 are the coordinates of a grid block in 𝑥-, 𝑦-, and 𝑧-
directions, respectively.  
Then, discretization of the left–hand side of Equation 100 in time is given by 
(
𝜑𝑐𝑡
𝐵
)
𝑖,𝑗,𝑘
𝑝𝑖,𝑗,𝑘
𝑛+1−𝑝𝑖,𝑗,𝑘
𝑛
∆𝑡
                     (101) 
Discretization of the first term of the right–hand side of Equation 100 in space is given by  
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1
Δ𝑥𝑖,𝑗,𝑘
[(
𝑘
𝐵𝜇
)
𝑖+
1
2
,𝑗,𝑘
(
𝑝𝑖+1,𝑗,𝑘−𝑝𝑖𝑗𝑘
Δ𝑥𝑖,𝑗,𝑘
+ ) − (
𝑘
𝐵𝜇
)
𝑖−
1
2
,𝑗,𝑘
(
𝑝𝑖𝑗𝑘−𝑝𝑖−1,𝑗,𝑘
Δ𝑥𝑖,𝑗,𝑘
− )] +
1
Δ𝑦𝑖,𝑗,𝑘
[(
𝑘
𝐵𝜇
)
𝑖,𝑗+
1
2
,𝑘
(
𝑝𝑖,𝑗+1,𝑘−𝑝𝑖𝑗𝑘
Δ𝑦𝑖,𝑗,𝑘
+ ) − (
𝑘
𝐵𝜇
)
𝑖,𝑗−
1
2
,𝑘
(
𝑝𝑖𝑗𝑘−𝑝𝑖,𝑗−1,𝑘
Δ𝑦𝑖,𝑗,𝑘
− )] +
1
Δ𝑧𝑖,𝑗,𝑘
[(
𝑘
𝐵𝜇
)
𝑖,𝑗,𝑘+
1
2
(
𝑝𝑖,𝑗,𝑘+1−𝑝𝑖𝑗𝑘
Δ𝑧𝑖,𝑗,𝑘
+ ) − (
𝑘
𝐵𝜇
)
𝑖,𝑗,𝑘−
1
2
(
𝑝𝑖𝑗𝑘−𝑝𝑖,𝑗,𝑘−1
Δ𝑧𝑖,𝑗,𝑘
− )]                     (102) 
where 
 Δ𝑥𝑖,𝑗,𝑘
± =
∆𝑥𝑖,𝑗,𝑘
2
+
∆𝑥𝑖±1,𝑗,𝑘
2
, Δ𝑦𝑖,𝑗,𝑘
± =
∆𝑦𝑖,𝑗,𝑘
2
+
∆𝑦𝑖,𝑗±1,𝑘
2
 , Δ𝑧𝑖,𝑗,𝑘
± =
∆𝑧𝑖,𝑗,𝑘
2
+
∆𝑥𝑖,𝑗,𝑘±1
2
             (103)  
Discretization of the second term of the right–hand side of Equation 100 in space is given by  
?̃?𝑖,𝑗,𝑘
𝐵
                                           (104) 
Multiplying both the left–hand side and the right–hand side of discretized form of Equation 100 
by 𝑉𝑖,𝑗,𝑘, we obtain 
(
𝜑𝑐𝑡
𝐵
)
𝑖,𝑗,𝑘
𝑝𝑖,𝑗,𝑘
𝑛+1−𝑝𝑖,𝑗,𝑘
𝑛
∆𝑡
𝑉𝑖,𝑗,𝑘 = [𝑇𝑖+1
2
,𝑗,𝑘
(
𝑝𝑖+1,𝑗,𝑘−𝑝𝑖𝑗𝑘
Δ𝑥𝑖,𝑗,𝑘
+ ) − 𝑇𝑖−1
2
,𝑗,𝑘
(
𝑝𝑖𝑗𝑘−𝑝𝑖−1,𝑗,𝑘
Δ𝑥𝑖,𝑗,𝑘
− )] +
+ [𝑇
𝑖,𝑗+
1
2
,𝑘
(
𝑝𝑖,𝑗+1,𝑘−𝑝𝑖𝑗𝑘
Δ𝑦𝑖,𝑗,𝑘
+ ) − 𝑇𝑖,𝑗−1
2
,𝑘
(
𝑝𝑖𝑗𝑘−𝑝𝑖,𝑗−1,𝑘
Δ𝑦𝑖,𝑗,𝑘
− )] + [𝑇𝑖,𝑗,𝑘+1
2
(
𝑝𝑖,𝑗,𝑘+1−𝑝𝑖𝑗𝑘
Δ𝑧𝑖,𝑗,𝑘
+ ) −
𝑇
𝑖,𝑗,𝑘−
1
2
(
𝑝𝑖𝑗𝑘−𝑝𝑖,𝑗,𝑘−1
Δ𝑧𝑖,𝑗,𝑘
− )] +
𝑞𝑖,𝑗,𝑘
𝐵
                      (105) 
where 
𝑇
𝑖±
1
2
,𝑗,𝑘
=
(
𝑘
𝐵𝜇
)
𝑖±
1
2
,𝑗,𝑘
Δ𝑦𝑖,𝑗,𝑘Δ𝑧𝑖,𝑗,𝑘
Δ𝑥𝑖,𝑗,𝑘
± ,     𝑇𝑖,𝑗±1
2
,𝑘
=
(
𝑘
𝐵𝜇
)
𝑖,𝑗±
1
2
,𝑘
Δ𝑥𝑖,𝑗,𝑘Δ𝑧𝑖,𝑗,𝑘
Δ𝑦𝑖,𝑗,𝑘
± ,     𝑇𝑖,𝑗,𝑘±1
2
=
(
𝑘
𝐵𝜇
)
𝑖,𝑗,𝑘±
1
2
Δ𝑥𝑖,𝑗,𝑘Δ𝑦𝑖,𝑗,𝑘
Δ𝑧𝑖,𝑗𝑘
±      
(106) 
are the transmissibility terms, and 
 𝑞𝑖,𝑗,𝑘=?̃?𝑖,𝑗,𝑘𝑉𝑖,𝑗,𝑘/𝐵                     (107) 
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are the source-sink terms. 
The lagging coefficient method is used to linearize Equation 105 
𝑆𝑖,𝑗,𝑘
𝑛 (𝑝𝑖,𝑗−1,𝑘
𝑛+1 − 𝑝𝑖,𝑗,𝑘
𝑛+1) + 𝑊𝑖,𝑗,𝑘
𝑛 (𝑝𝑖−1,𝑗,𝑘
𝑛+1 − 𝑝𝑖,𝑗,𝑘
𝑛+1) + 𝐵𝑖,𝑗,𝑘
𝑛 (𝑝𝑖,𝑗,𝑘−1
𝑛+1 − 𝑝𝑖,𝑗,𝑘
𝑛+1) +
𝐸𝑖,𝑗,𝑘
𝑛 (𝑝𝑖+1,𝑗,𝑘
𝑛+1 − 𝑝𝑖,𝑗,𝑘
𝑛+1) + 𝑁𝑖,𝑗,𝑘
𝑛 (𝑝𝑖,𝑗+1,𝑘
𝑛+1 − 𝑝𝑖,𝑗,𝑘
𝑛+1) + 𝐴𝑖,𝑗,𝑘
𝑛 (𝑝𝑖,𝑗,𝑘+1
𝑛+1 − 𝑝𝑖,𝑗,𝑘
𝑛+1) =
 
𝛤𝑖,𝑗,𝑘
𝑛+1
∆𝑡
(𝑝𝑖,𝑗,𝑘
𝑛+1 − 𝑝𝑖,𝑗,𝑘
𝑛 ) + 𝑞𝑖,𝑗,𝑘
𝑛+1                             (108) 
where  
𝛤𝑖,𝑗,𝑘
𝑛+1 = (
𝜑𝑐𝑡
𝐵
)
𝑖,𝑗,𝑘
𝑉𝑖,𝑗,𝑘                       (109) 
and 
𝑆𝑖,𝑗,𝑘 = 𝑇𝑖,𝑗−1
2
,𝑘
, 𝑁𝑖,𝑗,𝑘 = 𝑇𝑖,𝑗+1
2
,𝑘
, 𝑊𝑖,𝑗,𝑘 = 𝑇𝑖−1
2
,𝑗,𝑘
, 
 𝐸𝑖,𝑗,𝑘 = 𝑇𝑖+1
2
,𝑗,𝑘
, 𝐵𝑖,𝑗,𝑘 = 𝑇𝑖,𝑗,𝑘−1
2
, 𝐴𝑖,𝑗,𝑘 = 𝑇𝑖,𝑗,𝑘+1
2
                      (110) 
Rearranging Equation 108, we obtain 
𝑆𝑖,𝑗,𝑘
𝑛 𝑝𝑖,𝑗−1,𝑘
𝑛+1 + 𝑊𝑖,𝑗,𝑘
𝑛 𝑝𝑖−1,𝑗,𝑘
𝑛+1 + 𝐵𝑖,𝑗,𝑘
𝑛 𝑝𝑖,𝑗,𝑘−1
𝑛+1 + 𝐶𝑖,𝑗,𝑘
𝑛+1𝑝𝑖,𝑗,𝑘
𝑛+1 + 𝐸𝑖,𝑗,𝑘
𝑛 𝑝𝑖+1,𝑗,𝑘
𝑛+1 +
    𝑁𝑖,𝑗,𝑘
𝑛 𝑝𝑖,𝑗+1,𝑘
𝑛+1 + + 𝐴𝑖,𝑗,𝑘
𝑛 𝑝𝑖,𝑗,𝑘+1
𝑛+1 = 𝑄𝑖,𝑗,𝑘
𝑛                  (111) 
where for grid blocks with no well or with rate-specified well 
𝐶𝑖,𝑗,𝑘
𝑛+1 = − [𝑆𝑖,𝑗,𝑘
𝑛 + 𝑊𝑖,𝑗,𝑘
𝑛 + 𝐵𝑖,𝑗,𝑘
𝑛 + 𝐸𝑖,𝑗,𝑘
𝑛 + 𝑁𝑖,𝑗,𝑘
𝑛 + 𝐴𝑖,𝑗,𝑘
𝑛 +
𝛤𝑖,𝑗,𝑘
𝑛+1
∆𝑡
]            (112) 
and 
𝑄𝑖,𝑗,𝑘
𝑛 = −
𝛤𝑖,𝑗,𝑘
𝑛+1
∆𝑡
𝑝𝑖,𝑗,𝑘
𝑛 + 𝑞𝑖,𝑗,𝑘
𝑛+1                      (113) 
and for grid blocks with pressure-specified well 
𝐶𝑖,𝑗,𝑘
𝑛+1 = − [𝑆𝑖,𝑗,𝑘
𝑛 + 𝑊𝑖,𝑗,𝑘
𝑛 + 𝐵𝑖,𝑗,𝑘
𝑛 + 𝐸𝑖,𝑗,𝑘
𝑛 + 𝑁𝑖,𝑗,𝑘
𝑛 + 𝐴𝑖,𝑗,𝑘
𝑛 +
𝛤𝑖,𝑗,𝑘
𝑛+1
∆𝑡
+ 𝑊𝐼𝑖,𝑗,𝑘]         (114) 
and 
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𝑄𝑖,𝑗,𝑘
𝑛 = −
𝛤𝑖,𝑗,𝑘
𝑛+1
∆𝑡
𝑝𝑖,𝑗,𝑘
𝑛 − 𝑊𝐼𝑖,𝑗,𝑘𝑝𝑤𝑓 𝑖,𝑗,𝑘
𝑛                   (115) 
where the well index, 𝑊𝐼 is defined as 
 𝑊𝐼𝑖,𝑗,𝑘 =
2𝑘∆𝑧∆𝑦
𝜇𝐵∆𝑥
                         (116)  
Equation 111 in matrix form is expressed as 
𝑻𝒑 = 𝑸,                         (117) 
where  
𝑻 = [−𝐵𝑖,𝑗,𝑘
𝑛  …  − 𝑆𝑖,𝑗,𝑘
𝑛  … − 𝑊𝑖,𝑗,𝑘
𝑛    𝐶𝑖,𝑗,𝑘
𝑛+1  − 𝐸𝑖,𝑗,𝑘
𝑛  …  − 𝑁𝑖,𝑗,𝑘
𝑛  …  − 𝐴𝑖,𝑗,𝑘
𝑛 ]           (118) 
is the heptadiagonal matrix with the diagonals formed by the transmissibility terms, 
𝒑 = [𝑝𝑖,𝑗,𝑘
𝑛+1]                       (119) 
is the vector of pressure, and 
𝑸 = [𝑄𝑖,𝑗,𝑘
𝑛 ]                             (120) 
is the vector of the accumulation terms and the source/sink terms. Equation 117 is solved for 
pressure numerically by the Gaussian elimination method. 
3.2.2  Initial and Boundary Conditions 
Before production begins, the pressure in the reservoir is equal to the initial reservoir 
pressure. The permeability everywhere is equal to the reservoir permeability, except for the 
fracture permeability, which is defined by the fracture width and conductivity. 
Initial Conditions: 
𝑝(𝑥, 𝑦, 𝑧) = 𝑝𝑖  ∀𝑥, 𝑦, 𝑧,     𝑡 = 0     
𝑘(𝑥, 𝑦, 𝑧) = 𝑘𝑟  𝑥, 𝑦, 𝑧 ∉ fracture,     𝑡 = 0                     (121) 
𝑘(𝑥, 𝑦, 𝑧) = 𝑘𝑓  ∀𝑥, 𝑦, 𝑧 ∈ fracture,     𝑡 = 0  
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During production, the pressure at the constant flow rate is set at the well. The no-flow condition 
is assumed for the reservoir outer boundaries.  
Boundary Conditions: 
𝜕𝑝
𝑑𝑥
= −
𝑞𝐵𝜇
𝑘𝑤ℎ
   𝑥 = 0, 𝑦 = 0, ∀𝑧,     𝑡 > 0 
𝜕𝑝
𝑑𝑦
= 0    ∀𝑥, 𝑦 = 𝐿𝑦, ∀𝑧, 𝑡 > 0                    (122) 
𝜕𝑝
𝑑𝑧
= 0   ∀𝑥, 𝑦, 𝑧 = ℎ, 𝑡 > 0  
At the initial time of production, the flow in the reservoir is transient, meaning that the reservoir 
pressure at the boundaries has not been disturbed yet and is equal to the initial reservoir pressure. 
The reservoir is infinite-acting. After some time, the pressure at the no-flow boundaries starts 
decreasing at a constant rate. This condition is referred as pseudo-steady state. The model 
calculates the dimensionless productivity index, 𝐽𝐷 at pseudo-steady state using the following 
expression (Economides et al. 2013) 
𝐽𝐷𝑝𝑠𝑠 =
𝑞𝐵𝜇
2𝜋?̅?ℎ(?̅?−𝑝𝑤)
 ,                       (123) 
where ?̅? is the average pressure in the reservoir, 𝑝𝑤 is the pressure at the well, ?̅? is the average 
permeability in the reservoir. 
The average reservoir pressure is calculated as a volumetric weighted average 
?̅? =
∑ 𝑝𝑖,𝑗,𝑘𝑉𝑖,𝑗,𝑘
𝐿𝑥𝐿𝑦ℎ𝜑
                         (124) 
The time, 𝑡𝑝𝑠𝑠, at which transition from transient to pseudo-steady state condition occurs, can be 
estimated as (Dake 1978) 
𝑡𝑝𝑠𝑠 =
𝜑𝜇𝑐𝑡𝐴
𝑘
𝑡𝐷𝐴𝑝𝑠𝑠 ,                      (125) 
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where 𝐴 is the drainage area, in this case 𝐴 is equal to 4𝐿𝑥𝐿𝑦, and 𝑡𝐷𝐴𝑝𝑠𝑠 is the dimensionless time 
that depends on the drainage shape. For a square drainage area (𝐿𝑥 = 𝐿𝑦), 𝑡𝐷𝐴𝑝𝑠𝑠 is 0.1. The total 
production time is set to twice long as  𝑡𝑝𝑠𝑠 to ensure the pseudo-steady state is reached at the end 
of production.  
For the no-flow boundary reservoir, the skin, 𝑠 is estimated as (Economides et al. 2013) 
𝑠 =
1
𝐽𝐷𝑝𝑠𝑠
− 𝑙𝑛
𝑟𝑒
𝑟𝑤
+
3
4
 ,                       (126) 
where 𝑟𝑒 is the drainage radius, which is estimated as √𝐴/𝜋. 
3.2.3  Model Validation 
To validate the model’s pseudo-steady state solution, the dimensionless productivity index, 
𝐽𝐷𝑝𝑠𝑠 was calculated numerically, and the result was compared against the analytical solution for 
a square drainage area and a fully-penetrating infinitely conductive fracture, where the maximum 
pseudo-steady state dimensionless productivity index, 𝐽𝐷𝑝𝑠𝑠 = 6/𝜋 =1.909 (Economides et al. 
2013). A good agreement between the numerical and analytical solutions was observed. To 
validate the transient solution, the flowrate as a function of time calculated by the model was 
compared with the analytical solution. When a constant well flowing pressure is set as an inner 
boundary condition, according to the analytical solution, a flowrate is inversely proportional to the 
square root of time. Both analytical and numerical results are shown in Figure 14. A good match 
between the numerical and analytical solutions was obtained. The model’s numerical solution was 
also validated against the solution obtained by OpenFOAM software. 
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Figure 14 - Comparison of numerical and analytical solutions for transient flow 
 
 
 
Also, the effect of the number of grid blocks on the accuracy of the solution was analyzed. 
The convergence of the numerical and analytical solutions at increasing number of grid blocks is 
presented in Figure 15. 
 
 
 
 
Figure 15 - Convergence of numerical and analytical solutions as a function of meshing 
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3.2 Coupling the Acid Fracturing Model and the Reservoir Model 
3.3.1  Coupled Model Domain and the Initial/ Boundary Conditions   
To couple the acid fracturing model with the reservoir model, the gridding of the reservoir 
model needs to be modified to replicate the gridding of the hydraulic fracture in the acid fracturing 
model and to include the natural fractures. The coupled model domain contains a well intersected 
by a vertical hydraulic fracture, which is intersected by transverse symmetric natural fractures 
(Figure 16). The geometry of the fracture system is equivalent to the acid fracturing model 
described earlier. A non-uniform gridding was adopted in 𝑥- and 𝑦-directions with refined grid 
size near hydraulic fracture and natural fracture planes. In the coupled model, the initial and the 
boundary conditions are different for acid injection and for well production cases.  
It is assumed that before the acid injection begins, the pressure everywhere is equal to the 
initial reservoir pressure. The permeability is equal to the reservoir permeability, except for the 
fracture permeability, which is defined by the initial fracture width, 𝑤. 
 
 
 
 
 
Figure 16 - Acid fracturing–reservoir coupled model domain (not to scale) 
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Initial Conditions: 
𝑝(𝑥, 𝑦, 𝑧) = 𝑝𝑖  ∀𝑥, 𝑦, 𝑧,     𝑡 = 0   
𝑘(𝑥, 𝑦, 𝑧) = 𝑘𝑟  𝑥, 𝑦, 𝑧 ∉ fracture,     𝑡 = 0                (127)  
𝑘(𝑥, 𝑦, 𝑧) =
𝑤2
12
  𝑥, 𝑦, 𝑧 ∈ fracture,     𝑡 = 0  
During the injection, the pressure at the well is equal to the pressure at the inlet of the 
hydraulic fracture, 𝑝𝑓. The no-flow condition is assumed for the reservoir outer boundaries.  
Boundary Conditions: 
𝑝(𝑥, 𝑦, 𝑧) = 𝑝𝑓  𝑥 = 0, 𝑦 = 0, ∀𝑧,     𝑡 > 0 
𝜕𝑝
𝑑𝑥
= 0   𝑥 = 𝐿𝑥,  ∀𝑦, 𝑧, 𝑡 > 0                                 (128) 
𝜕𝑝
𝑑𝑦
= 0   ∀𝑥, 𝑦 = 𝐿𝑦, ∀𝑧, 𝑡 > 0           
𝜕𝑝
𝑑𝑧
= 0   ∀𝑥, 𝑦, 𝑧 = ℎ, 𝑡 > 0  
where 𝐿𝑥 is the half-length of the reservoir domain, 𝐿𝑦 is the half-width of the reservoir domain, ℎ 
is the height of the reservoir domain. The permeability is equal to the reservoir permeability 
everywhere, except for the fracture, where the permeability is defined by the current fracture width 
equal to the dynamic width plus the etched width, 𝑤𝑒 
𝑘(𝑥, 𝑦, 𝑧) =
(𝑤+𝑤𝑒)
3
12
  𝑥, 𝑦, 𝑧 ∈ fracture                   (129) 
After the acid injection is finished, the hydraulic and natural fractures permeability is 
updated based on the calculated fracture conductivity. For production stimulation, the initial and 
the boundary conditions are defined to be the same as in the stand-alone reservoir model described 
earlier. 
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3.3.2  Leakoff Calculation Using the Coupled Model 
In the acid fracturing model described earlier, the acid leakoff is calculated by using 
modified Carter’s model. In addition to that, it is assumed that acid is evenly distributed between 
the natural fractures during the acid injection. These assumptions impose limitations on the acid 
leakoff calculation and do not reflect a realistic leakoff behavior during acid fracturing process.  
Carter’s leakoff model assumes that a leaking fracture is surrounded by infinite-acting 
reservoir, so that the pressure field in the vicinity of the fracture is not affected by pressure 
disturbance in the other parts of the reservoir. When the natural fractures are spaced far enough, 
so that no interaction occurs between them, Carter’s model assumption is valid. However, when 
the fracture spacing is small, this assumption does not hold anymore. As the acid leaks off through 
the fracture walls into the reservoir, the pressure in the region near the fracture starts increasing. 
This changing pressure field would affect the pressure in the reservoir in the vicinity of the fracture 
and, as a result, would affect the leakoff behavior of the neighboring fractures.   
The coupled model calculates the leakoff by simulating acid flow through the porous 
medium in direction perpendicular to fracture walls and by taking into account the interaction 
between the natural fractures. Hence, the coupled model does not impose limitations on the fracture 
spacing and allows the leakoff rate of individual natural fractures to be dynamic and to vary with 
fracture location and spacing.  
Another assumption of Carter’s leakoff model is that leakoff flow rate decreases with time 
and is inversely proportional to the square root of time. In reality, the leakoff rate would not 
necessarily decrease as injection time progresses, and would vary throughout the stimulation. The 
coupled model captures the realistic leakoff rate as a function of time. In addition, the coupled 
model assumes that initially, due to high leakoff, acid would not reach the tip of the hydraulic 
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fracture and acid flow would be unevenly distributed among the natural fractures. The natural 
fractures located closer to the hydraulic fracture inlet will be stimulated more compared with the 
fractures located closer to the tip of the hydraulic fracture.  
3.3.3  Coupled Acid Fracturing–Reservoir Models Workflow 
Coupled Acid Fracturing–Reservoir Models are used to simulate acid fracturing treatment 
in naturally fractured carbonate reservoir to estimate fracture conductivity and to model post-
stimulation production to calculate the well productivity and the skin factor. The model workflow 
is presented in Figure 17 and is described as follows.  
First, the input parameters, such as hydraulic and natural fracture geometry, natural fracture 
spacing, reservoir properties, acid fracturing treatment conditions, and the flowrate and production 
time are defined. Then, the gridding along the hydraulic fracture length is implemented based on 
the natural fracture spacing. After that, the gridding of the rest of the reservoir domain is applied.  
After the model initiation, it simulates the acid flow in the fracture system and the acid leakoff 
through the fracture walls into the reservoir assuming a constant pressure at the well equal to the 
pressure at the hydraulic fracture inlet.  Based on the obtained leakoff velocities, the pressure 
distribution in the hydraulic fracture is obtained.  The updated value of the pressure at the fracture 
inlet is compared with the assumed value and the iteration process is repeated until convergence 
is obtained. Then, the acid concentration distribution in the hydraulic fracture is obtained, and the 
etched width of the hydraulic and the natural fractures is calculated for each time step. The 
permeability of the fractures is calculated from the total fracture width and is updated at each time 
step. At the end of acid injection, the fracture conductivity is estimated based on the final etched 
with achieved during the injection.  After the acid injection is finished, the model simulates the 
reservoir fluid flow into the well producing at a constant flowrate. Pressure in the reservoir is 
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calculated and update during each time step. When the reservoir reaches the pseudo-steady state, 
the productivity index and the skin are estimated.  
 
 
 
 
 
 
 
 
Figure 17 - Coupled acid fracturing-reservoir model workflow 
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4 SIMULATION RESULTS AND PARAMETRIC STUDY 
 
4.1 Acid Fracturing Model: Fracture Conductivity 
Various cases of acid fracturing in limestone formation containing a hydraulic fracture 
intersected by transverse natural fractures were simulated using the numerical-analytical acid 
fracturing model described in Chapter 3. For all the simulation cases, it is assumed that three 
intersecting natural fractures are located at 30 ft, 60 ft, and 90 ft away from the hydraulic fracture 
inlet (Figure 18). The effect of the natural fracture geometry and the injection rate on created 
fracture conductivity is examined for the cases in study. It is assumed that prior to the acid 
injection, a certain initial hydraulic fracture geometry is created by injecting a viscous pad fluid.  
Also, it is assumed that during pad injection the existing natural fractures intersecting the hydraulic 
fracture would open and would have a certain initial (dynamic) width, length, and height. The last 
assumption is valid for the reservoir with a low horizontal stress contrast. The pad injection process 
itself is not simulated by the model. The assumed initial fracture geometry is input to the acid 
fracturing model.  
 
 
 
 
 
Figure 18 - Fracture network schematic 
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4.1.1  Base Case Simulation Result 
First, the base case scenario is simulated to obtain the conductivity results for the hydraulic 
fracture and the natural fractures. The input parameters for the base case are presented in Table 2. 
 
 
 
Table 2 - Input parameters for base case simulation 
 
Parameter Value 
Hydraulic fracture properties  
Length 300 ft 
Height 100 ft 
Width 0.1 in 
Natural fracture properties  
Length 50 ft 
Height 100 ft 
Width 0.01 in 
Treatment conditions  
Injection rate 10 bpm 
Injection Time 20 min 
Acid type & concentration HCl 15wt% 
 
 
 
The results presented in Figure 19 indicate that the hydraulic fracture conductivity 
(decreases fast with increasing distance from the fracture inlet, and the effective fracture length is 
about one third of the total fracture length. The natural fracture conductivity decreases sharply 
with the distance making only a small portion of the fracture conductive. The conductivity 
distribution along the fracture length is determined by the acid concentration profile. Based on the 
analytical solution for acid concentration the acid penetration depends on the Peclet number. For 
low Peclet numbers the acid penetration is low and the maximum fracture concentration is 
localized at the fracture entrance, which is the case for these simulation results for the natural 
fracture conductivity (Figure 20).  It was also observed that the natural fracture conductivity is  
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Figure 19 - Hydraulic fracture conductivity for base case simulation 
 
 
 
 
Figure 20 - Natural fracture conductivity for base case simulation 
 
 
 
greater for the first natural fracture than for the second and the third natural fractures for all the 
cases. As the acid concentration inside the hydraulic fractures decreases with increasing distance 
from the fracture entrance. The acid entering the natural fracture located closer to the hydraulic 
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fracture inlet has higher concentration and, as a result, a greater dissolving power than the acid 
flowing into the natural fractures located further away from the hydraulic fracture inlet. 
4.1.2  Effect of Natural Fracture Width 
To analyze the effect of the natural fracture width on fracture conductivity, the acid 
fracturing simulations are conducted for the initial width of the natural fractures varying from 
0.005 inches to 0.01 inches to 0.1 inches. For each case it is assumed that all the natural fractures 
had the same initial width.  All the other parameters, such as hydraulic fracture geometry, natural 
fracture length and height, and treatment conditions, are kept constant for all the simulation cases.  
The input parameters for the cases in study are the same as given in Table 2 for the base case 
scenario, with the only difference that the natural fracture width varies for each case. 
 
 
 
 
 
 
Figure 21 - Hydraulic fracture conductivity for various natural fracture dynamic widths 
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Figure 22 - Natural fracture conductivity for various dynamic widths 
 
 
 
The results show that the initial width of the natural fractures has a negligible effect on 
created hydraulic fracture conductivity (Figures 21). The conductivity of the natural fractures is 
high near the fracture entrance and decrease sharply with the increasing distance from the fracture 
inlet (Figure 22). It was observed that the natural fractures with larger initial width have lower 
conductivity at the fracture entrance and longer effective length compared with the natural 
fractures with smaller initial width. The Peclet number is higher for a larger fracture width, which 
results in longer acid penetration distance and in lower etching at the fracture entrance.  Same as 
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for the base case simulation results, it was also observed that the natural fracture conductivity is 
greater for the natural fractures located closer to the hydraulic fracture inlet compared with the 
conductivity of the fractures located further away from the hydraulic fracture inlet. 
4.1.3  Effect of the Natural Fracture Length 
The effect of the natural fracture length was investigated by simulating the acid fracturing 
for the cases with the length varying from 20 ft to 50 ft to 100 ft. It is assumed that all the natural 
fractures have the same length for each of the simulation cases with the other parameters, such as 
hydraulic fracture geometry, natural fracture width and height, and treatment conditions, being 
constant for all the cases. The input parameters for the cases in study are given in Table 3.  
 
 
 
Table 3 - Input parameters for simulation to study the effect of injection rate on acid fracture conductivity 
 
Parameter Value 
Hydraulic fracture properties  
Length 300 ft 
Height 100 ft 
Width 0.1 in 
Natural fracture properties  
Length 20, 50, 100 ft 
Height 100 ft 
Width 0.01 in 
Treatment conditions  
Injection rate 10 bpm 
Injection Time 20 min 
Acid type & 
concentration 
HCl 15wt% 
 
 
 
It is observed that the hydraulic fracture conductivity only slightly decreases with 
increasing natural fracture length (Figure 23). As the length of the natural fractures increases, the 
total leakoff becomes natural fracture-dominated (Figure 24) due to increasing area of exposure.  
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The model assumes that a fraction of the acid leaking off from the hydraulic fracture will react at 
the fracture walls. As the natural fracture length increases, the leakoff through the hydraulic 
fracture walls decreases, which results in less etching and lower conductivity; however the effect 
is minimal. 
 
 
 
 
 
 
Figure 23 - Hydraulic fracture conductivity for various natural fracture length 
 
 
 
The results showed that the natural fracture conductivity at the fracture entrance decreases, 
while the effective length increases (Figure 25). The conductivity of natural fractures is determined 
by the acid penetration, which is greater for higher Peclet numbers. Peclet number is a function of 
leakoff velocity, while the velocity is proportional to the flowrate into the natural fractures and is 
inversely proportional to the surface area. For the cases in study, the increase of the fracture surface 
area has more dominant effect on the leakoff velocity rather than increasing leakoff flowrate. 
Therefore, as the natural fracture length increases, the generated fracture conductivity decreases. 
 83 
 
For all the cases, the conductivity of individual natural fractures depends on their location. Thus, 
the conductivity is higher for the natural fractures located closer to the hydraulic fracture inlet as 
the acid concentration in the hydraulic fracture decreases with increasing distance from the fracture 
entrance.  
 
 
 
 
 
 
 
Figure 24 - Leakoff from hydraulic fracture and from natural fractures for various natural fracture length 
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Figure 25 - Natural fracture conductivity for various natural fracture length 
 
 
 
4.1.4  Effect of the Injection Rate 
One of the important parameters that affects fracture conductivity and can be adjusted to 
optimize the treatment design is the acid injection rate. To evaluate the effect of injection rate on 
generated fracture conductivity, different cases are simulated with injection rate varying from 10 
bpm to 20 bpm to 30 bpm and the total volume of acid injected being constant. The initial geometry 
of both the hydraulic fracture and the natural fractures were kept constant for all the cases. The 
input parameters for this case study are presented in Table 4. 
Because of the model limitations discussed in Chapter 3, the hydraulic fracture length has 
to be sufficiently long to allow for the acid to be fully spent inside the main fracture. In order to 
meet this criterion for the injection rate up to 30 bpm, the length of the hydraulic fracture is doubled 
in this case study compared to the previous cases and set to 600 ft.  
Injection rate has a significant effect on the fracture conductivity. As the injection rate 
increases, the conductivity of hydraulic fracture at the fracture entrance decreases and the effective 
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fracture length increases (Figures 26). With increasing injection rate, the leakoff rate increases 
resulting in larger Peclet number and longer acid penetration distance that creates longer etched 
fracture length. It also leads to more concentrated acid flowing into the natural fractures and 
creating greater etching and higher conductivity. Conductivity of the first natural fracture 
decreases with increasing injection rate. As the injection rate increases from 10 bpm to 20 bpm 
and from 20 to 30 bpm, conductivity of the second natural fracture increases, and then decreases, 
while the conductivity of the third natural fracture continue increasing with increasing injection 
rate (Figure 27). This may be attributed to the change of the acid concentration profile in the 
hydraulic fracture with changing injection rate. Thus the increase or decrease in conductivity may 
be resulted from the increase or decrease of the acid concentration flowing into the natural fractures 
from the hydraulic fracture. 
 
 
 
Table 4 - Input parameters for simulation 
 
Parameter Value 
Hydraulic fracture properties  
Length 600 ft 
Height 100 ft 
Width 0.1 in 
Natural fracture properties  
Length 50 ft 
Height 100 ft 
Width 0.01 in 
Treatment conditions  
Injection rate 10, 20, 30 bpm 
Injection Time 20, 10, 6.7 min 
Acid type & concentration HCl 15wt% 
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Figure 26 - Hydraulic fracture conductivity for various injection rates 
 
 
 
 
 
 
Figure 27 - Natural fracture conductivity for various injection rates 
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4.2 Coupled Acid Fracturing–Reservoir Models: Well Productivity 
The series of cases were simulated by use of the coupled model to demonstrate the 
capabilities of the model and to investigate the effect of various parameters, such as natural fracture 
properties, reservoir permeability, and treatment conditions on the efficiency of acid fracturing 
stimulation. All the parameters in study play an important role in acid fracturing treatment design. 
The stimulation efficiency was estimated based on the generated well productivity and skin factor. 
To evaluate the impact of natural fractures on the acid fracturing performance, the results were 
compared to the base case scenario, which corresponds to acid fracturing stimulation and 
production in a reservoir without natural fractures. 
4.2.1  Leakoff Behavior During Acid Fracturing 
It was observed from the simulation results that the acid leakoff during treatment changes 
with time differently form Crater’s model prediction and is not identical for all the natural fractures 
intersecting the hydraulic fracture. In fact, the leakoff rate of individual natural fractures depends 
on their location and the fracture spacing. The following case study demonstrates the capability of 
the coupled model to simulate a realistic leakoff behavior during acid injection. The input 
parameters for the simulation are summarized in Table 5. In this case, for a given length of the 
hydraulic fracture and a given natural fracture spacing, there are three natural fractures intersecting 
the hydraulic fracture. 
 
Figure 28 shows the top view of the pressure field in the lower left part of the reservoir adjacent 
to the fracture system at the end of the acid injection (on the top) and the corresponding location 
of the hydraulic fracture and the natural fractures (on the bottom). Note that the simulation domain 
represents one quarter of the physical domain. As can be seen from Figure 28, the pressure 
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distribution in the reservoir near the fracture system is not uniform. There is a region of higher 
pressure along the hydraulic fracture and along the natural fractures, which is associated with the 
pressure increase due to the leakoff from the fractures into the reservoir. The position of the spike-
shape regions of higher pressure coincides with the natural fractures location, and the extension of 
those spikes into the reservoir is determined by the leakoff intensity of the individual natural 
fractures over time.  
 
 
 
Table 5 - Input parameters for simulation to study the acid leakoff behavior 
 
Parameter Value 
Hydraulic fracture properties  
Length 150 ft 
Height 70 ft 
Width 0.1 in 
Natural fracture properties  
Length 50 ft 
Height 70 ft 
Width 0.01 in 
Spacing 40 ft 
Reservoir properties  
Size 1640 ft x 1640 ft 
Porosity 0.15 
Permeability 10 md 
Closure stress 1500 psi 
Treatment conditions  
Injection rate 20 bpm 
Injection Time 20 min 
Acid type & concentration HCl 15wt% 
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Figure 28 - Reservoir pressure distribution at the end of acid injection (on the top) and corresponding 
location of the hydraulic fracture and the natural fractures (on the bottom) 
 
 
 
The simulation results indicate that acid does not leak off uniformly across the fracture 
walls as assumed by Carter’s leakoff model. In contrast, the leakoff rate increases significantly 
towards the fracture tip (Figure 29), which is caused by a larger pressure drop between the fracture 
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and the reservoir beyond the fracture tip compared to the pressure difference between the fracture 
and the reservoir region bounded by the neighboring natural fractures, as illustrated in Figure 28. 
The reservoir pressure in the region between the natural fractures builds up fast because of its 
relatively small volume and large leakoff area. The reservoir pressure beyond the fractures tip 
increases more slowly due to a large area of the virgin reservoir adjacent to the fracture tip and a 
small leakoff area.  
Also, unlike predicted by Carter’s model, the leakoff does not always decrease with time 
and may increase during the initial time of acid injection, as can be seen from Figure 30. The 
leakoff flowrate behavior is associated with the acid loss from the hydraulic fracture and from the 
individual natural fractures as a function of time. The total leakoff rate is limited by the injection 
rate. The reduction of the leakoff rate from the hydraulic fracture is accompanied by the 
proportional increase of the leakoff rate from the natural fractures. Hence, the hydraulic fracture 
leakoff curve mirrors the natural fracture leakoff curve during the initial time of acid injection. 
Later in time, both the hydraulic fracture and the natural fracture leakoff rates decrease with time 
following the trend described by Carter’s model. The three peaks on the natural fracture leakoff 
curve (Figure 30) are associated with stimulation of the first, the second, and the third natural 
fractures, respectively. The similar leakoff behavior can be observed for the simulation cases 
presented later in this study.  
In order to better understand this behavior, the leakoff rate of the individual natural 
fractures as a function of time is presented in Figure 31. As can be seen from this figure, the leakoff 
from the natural fractures increases initially while the fractures being stimulated, and then 
decreases. The reduction in leakoff rate is proportional to the decrease in pressure difference 
between the fracture and the reservoir caused by the acid leakoff. Also, the leakoff from the natural 
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fractures happens sequentially in the order of the natural fracture location relative to the hydraulic 
fracture inlet. Thus, at the beginning of the acid injection, when the total leakoff rate is high and 
is restricted by the injection rate, the leakoff happens only through the part of the hydraulic fracture 
and the first natural fracture. After about 1 minute, when the total leakoff rate decreases below the 
injection rate, the second natural fracture starts leaking off. The leakoff initiation from the third 
natural fracture corresponds to the reduction of the total leakoff rate below the injection rate from 
the fracture system located upstream.  
 
 
 
 
 
Figure 29 - Leakoff from individual natural fractures at the end of acid injection 
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Figure 30 - Total leakoff from hydraulic fracture and from natural fractures 
 
 
 
 
 
Figure 31 - Leakoff from individual natural fractures over time 
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As was mentioned earlier, the leakoff not only depends on natural fractures location but 
also on fracture spacing. The case is simulated for the natural fracture spacing of 10 ft with all the 
other parameters being the same as given in Table 5. For a given length of the hydraulic fracture, 
with the spacing of 10 ft, there are 14 natural fractures present compared with the previous case 
with spacing of 40 ft and 3 natural fractures intersecting the main fracture. The reservoir pressure 
distribution at the end of injection for the case of 10 ft-spacing is shown in Figure 32. The results 
indicate that for more closely spaced natural fractures the pressure distribution between the 
fractures is uniform at the end of stimulation because of a higher leakoff from the natural fractures 
compared with the case of a lower density network of natural fractures, as shown in Figure 33.  
 
 
 
 
Figure 32 - Reservoir pressure distribution at the end of acid injection for the case of natural fracture spacing 
of 10 ft 
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Figure 33 - Total leakoff from hydraulic fracture and from natural fractures injection for the case of natural 
fracture spacing of 10 ft 
 
 
 
4.2.2  Effect of Natural Fracture Properties 
Several cases are simulated to investigate the effect of natural fracture width, length, and 
spacing on the acid fracturing stimulation efficiency in naturally fractured reservoir. The 
parameters, such as the hydraulic fracture geometry, the treatment conditions, and the closure 
stress were constant for all the simulation cases. Those parameters are summarized in Table 6. The 
stimulation efficiency is defined by the productivity index ratio, 𝐽/𝐽𝑜, that characterizes the folds 
of increase in well productivity due to stimulation. 
Because of the model limitations discussed in Chapter 3, the hydraulic fracture length has 
to be sufficiently long to allow for the acid to be fully spent inside the main fracture. In order to 
meet this criterion for the wide range of test parameters, the length of the hydraulic fracture is set 
to 700 ft. 
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Table 6 - Input parameters for simulation to study the effect of natural fracture properties and treatment 
conditions on well productivity 
 
Parameter Value 
Hydraulic fracture properties  
Length 700 ft 
Height 100 ft 
Width 0.1 in 
Reservoir properties  
Size 1640 ft x 1640 ft 
Porosity 0.15 
Closure stress 1500 psi 
Treatment conditions  
Injection rate 16 bpm 
Injection Time 25 min 
Acid type & concentration HCl 15wt% 
 
 
 
4.2.2.1 Natural Fracture Width 
It is assumed by the model that a hydraulic fracture of a certain dynamic width is created 
by injecting a pad fluid prior to acid injection.  Also, it is assumed that existing natural fractures 
intersecting the hydraulic fracture open during pad injection and have certain length, height, and 
dynamic width, lower than or equal to the hydraulic fracture with. This assumption is valid for the 
reservoir with a small horizontal stress contrast. The pad injection is not simulated by the model. 
The initial fracture geometry serves as an input to the coupled model to simulate acid fracturing. 
The cases are modeled with the dynamic width of natural fractures varying from 0.005 to 0.01 to 
0.1 inches, and the natural fractures of equal width are assumed for each of the cases. The length 
and the height of the natural fractures are held constant and equal to 50 ft and 100 ft, respectively 
for all the cases in study. The natural fracture spacing is set to 50 ft, which corresponds to 13 
natural fractures intersecting the hydraulic fracture of a given length.   
It was observed that the dynamic width of the natural fractures has a negligible effect on 
stimulation efficiency (Figure 34). This is due to the fact that the hydraulic fracture conductivity 
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has a dominant effect on the productivity, and, as mentioned earlier, the conductivity of the main 
fracture is negligibly affected by the natural fracture width. For the cases in study, the acid 
fracturing stimulation efficiency is greater in a naturally fractured reservoir compared to the 
reservoir without natural fractures. This is because the acid loss into the natural fractures does not 
affect the conductivity of the main fracture and generates additional conductivity by etching the 
natural fractures.  
 
 
 
 
 
Figure 34 - Effect of natural fracture width on stimulation efficiency 
 
 
 
4.2.2.2 Natural Fracture Length 
In naturally fractured formation, isolated short fractures may be present in the reservoir or 
those fractures may be interconnected forming a longer fracture network. To model both of the 
scenarios, several cases are simulated with the natural fracture length varying from 10 ft, 
representing short natural fractures, up to 100 ft, representing either long fractures or several short 
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fractures connected into a fracture network. The natural fracture height and width are constant for 
all the simulation cases and equal to 100 ft and 0.01 inches, respectively. The natural fracture 
spacing is set to 50 ft, which corresponds to 13 natural fractures intersecting the hydraulic fracture 
of a given length.   
Figures 35 and 36 present the results for low permeability (1 md) and high permeability 
(10 md) reservoirs, respectively. The results show that with increasing length of the natural 
fractures the productivity ratio drops, meaning that the stimulation efficiency decreases. As the 
natural fracture length increases, the area exposed to leakoff increases resulting in higher acid loss 
into the natural fractures. With increasing leakoff, the etching of the main fracture decreases 
resulting in lower conductivity. In addition, with increasing fracture length and increasing leakoff, 
the acid propagation along the hydraulic fractures is limited resulting in stimulation of a smaller 
number of natural fractures. Therefore, more etching occurs in the natural fractures located closer 
to the hydraulic fracture inlet. 
As seen from Figures 35 and 36, the decline rate of the productivity ratio is higher for the 
low permeability reservoir case. In low permeability rock, the total leakoff is lower compared with 
the leakoff in high permeability formation. Therefore, in low permeability reservoir, the acid is 
received by a higher number of natural fractures during the acid injection. This results in lower 
conductivity and shorter effective length of the stimulated natural fractures. In low permeability 
formations, the increase of fracture length has more significant effect on productivity reduction 
than in high permeability reservoir.  
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Figure 35 - Effect of natural fracture length on stimulation efficiency in low permeability (1 md) reservoir 
 
 
 
 
 
Figure 36 - Effect of natural fracture length on stimulation efficiency in high permeability (10 md) reservoir 
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4.2.2.3 Natural Fracture Spacing 
Natural fracture spacing is an important parameter that characterizes the density of a 
fracture network and affects the performance of acid fracturing treatments. In carbonate formations 
the fracture spacing may vary significantly from less than a foot to tens or even hundreds of feet. 
To study the effect of natural fracture spacing on productivity, several cases were simulated with 
the spacing varying from 10 ft to 100 ft and all the other parameters being constant.  
The results presented in Figure 37 indicate that for a given fracture geometry and treatment 
conditions, there is an optimum natural fracture spacing that yields the highest productivity 
increase. The results indicate that the stimulation efficiency in a naturally fractured reservoir is 
higher than that in a reservoir without natural fractures, except for the cases of very closely spaced 
(10 ft-spacing) and very widely spaced (100 ft-spacing) natural fractures. The post-stimulation 
productivity depends on both the generated conductivity and its distribution along the fracture 
length for both hydraulic fracture and the natural fractures.  The hydraulic fracture conductivity 
has the dominant effect on productivity.  
With decreasing spacing, the number of intersecting natural fractures increases resulting in 
a larger area exposed to leakoff and a greater acid loss into the natural fractures. The leakoff 
behavior affects the acid flow and concentration distribution in the hydraulic and the natural 
fractures. As the natural fracture spacing increases, the total leakoff through the natural fractures 
declines, so the acid is able to propagate a longer distance inside the hydraulic fracture and 
stimulate the natural fractures located further away from the hydraulic fracture inlet. However, 
acid is almost fully spent in the first half of the hydraulic fracture, where it generates some 
conductivity. The natural fractures located further away from the hydraulic fracture entrance, do 
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not contribute to the overall conductivity, and the larger the spacing the less number of natural 
fractures add to the conductivity of the fracture system.  
 
 
 
 
 
Figure 37 - Effect of natural fracture spacing on stimulation efficiency in low permeability (1 md) reservoir 
 
 
 
 
 
 
Figure 38 - Effect of natural fracture spacing on stimulation efficiency in high permeability (10 md) reservoir 
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Figure 39 - Reservoir pressure distribution at the end of acid injection for various natural fracture spacing 
(top view)  
 
 
 
As the natural fracture spacing increases from 10 ft to 20 ft to 50 ft, the conductivity of the 
hydraulic fracture near the fracture entrance rises, while the etched length decreases, and the etched 
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length of the stimulated natural fractures increases. As a result, the post-stimulation productivity 
increases with increasing fracture spacing. As the spacing increases further from 50 ft to 75 ft to  
100 ft, the conductivity of the hydraulic fracture at the entrance decreases while the effective 
fracture length slightly increases due to a higher acid penetration distance. The natural fracture 
conductivity decreases significantly for a very widely spaced natural fractures because of less 
etching inside the fractures as more acid is spent in the main fracture. This results in the 
productivity ratio decline with increasing fracture spacing. The similar trend in productivity 
variation with fracture spacing is observed for the high permeability reservoir case (Figure 38). 
Figure 39 illustrates the pressure distribution in the reservoir at the end of treatment for 
different fracture spacing. For the case of closely spaced natural fractures, the reservoir pressure 
in the region between neighboring fractures builds up fast and becomes almost uniform at the end 
of stimulation due to high leakoff and small reservoir volume bounded by the neighboring 
fractures. As the spacing increases, the region of undisturbed reservoir pressure between the 
natural fractures becomes larger. Therefore, the fracture spacing not only affects the total leakoff 
into the natural fractures but also the leakoff of individual natural fractures resulting from the 
pressure change in the reservoir caused by leakoff. 
4.2.3  Effect of Treatment Conditions 
The efficiency of acid fracturing stimulation can be improved by optimizing the treatment 
design. There are several design parameters that can be tuned to increase the post-stimulation 
productivity, such as acid type, acid concentration, injection rate, and volume of acid. Here, the 
influence of injection rate and volume of injected acid on the acid fracturing stimulation 
performance is analyzed. 
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4.2.3.1 Injection Rate 
The effect of the acid injection rate on productivity was investigated by simulating the 
cases with the rate varying from 10 bpm to 16 bpm to 20 bpm. The total volume of acid injected 
is 400 bbl, the natural fracture spacing is 50 ft and the natural fracture length is 100 ft , and these 
parameters are kept constant for all the simulation cases.  
 
 
 
 
 
 
Figure 40 - Effect of injection rate on stimulation efficiency  
 
 
 
Figure 40 shows the productivity ratio as a function of injection rate for the low 
permeability and high permeability reservoirs. The results are compared against the case of a 
reservoir without natural fractures to evaluate the efficiency of the acid fracturing treatment in 
naturally fractured reservoir. It is observed that in low permeability reservoir the post-stimulation 
productivity increases with increasing pumping rate for both the naturally fractured reservoirs and 
the reservoirs without natural fractures. As the injection rate increases, the acid penetration 
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distance increases generating longer effective length of hydraulic fracture. Also, with increasing 
pumping rate, the leakoff into the natural fractures increases resulting in a greater etching and a 
higher conductivity of the natural fractures, as well as a higher number of natural fractures are 
being stimulated (Figure 41).  
 
 
 
 
 
 
Figure 41 - Leakoff into natural fractures as a function of fracture location for various injection rates  
 
 
 
In contrast to low permeability formation, in high permeability reservoir the stimulation 
efficiency decreases with increasing injection rate, and the trend is the same for the reservoir 
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containing natural fractures and the reservoir with no natural fractures present. When the formation 
permeability is high, the acid loss is also high. Most of the acid leaks off into formation through 
the walls of the hydraulic fracture (in case of a reservoir without natural fractures) or both the 
hydraulic fracture and the natural fractures located close to the main fracture entrance (in case of 
a naturally fractured reservoir). This limits acid propagation along the main fracture resulting in 
the effective length to increase negligibly, while conductivity at the fracture entrance decreases 
significantly with increasing pumping rate. The performance of acid fracturing treatment in a 
naturally fractured reservoir is greater than in a reservoir without natural fractures because of the 
additional conductivity generated by the etching of the natural fractures. 
The effect of reservoir permeability on the leakoff behavior is illustrated in Figure 39 that 
shows the reservoir pressure distribution at the end of acid injection in low permeability and high 
permeability naturally fractured reservoirs for the cases presented above. With increasing 
permeability, the leakoff increases, and the natural fractures start communicating with each other. 
As can be seen from Figure 42, at the end of the stimulation treatment in low permeability 
reservoir, there is a region of initial reservoir pressure between the natural fractures, while in a 
high permeability formation the reservoir pressure everywhere near the fracture network is higher 
than the initial pressure.  
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Figure 42 - Reservoir pressure distribution at the end of acid injection in low permeability and high 
permeability formation (top view)  
 
 
 
4.2.3.2 Volume of Acid  
The effect of acid volume on productivity increase was studied by simulating the cases 
with the same input parameters as the ones used to investigate the effect of the injection rate, except 
for the total volume of acid injected that is doubled. The results presented in Figure 43 indicate 
that for low permeability reservoir the relationship between the productivity ratio and the injection 
rate does not change with increasing volume of acid injected in both naturally fractured reservoir 
 107 
 
and reservoir without natural fractures. When the acid volume is doubled, the increase of 
productivity ratio with increasing pumping rate becomes more steep compared with the cases of 
lower acid volume due to a greater etching of the hydraulic fracture with a larger amount of acid 
available for stimulation. On the other hand, for high permeability reservoir the post-stimulation 
productivity increases with increasing injection rate when the injection volume is increased, in 
contrast to the results for lower acid volume. With increasing treatment volume, acid is able to 
propagate further away from the hydraulic fracture entrance even when the leakoff is high. As a 
result, with increasing pumping rate the acid penetration distance in the main fracture increases 
generating longer effective length. Same as for the lower injected volume, the presence of the 
natural fractures enhances the acid fracturing stimulation performance compared to the case of a 
reservoir without natural fractures. 
 
 
 
 
 
 
Figure 43 - Effect of injection rate on stimulation efficiency  
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The simulation results indicate that in high permeability reservoirs the leakoff control is 
important to achieve greater stimulation efficiency in both naturally fractured formations and in 
formations without natural fractures. The leakoff can be reduced by decreasing the injection rate; 
however that may not be feasible to implement at the field. At low pumping rate the pressure inside 
the hydraulic fracture may decrease below the pressure required for keeping the fracture open and 
propagating it into the reservoir. The other approach is to increase the volume of acid injected 
during the treatment, which will allow to increase the post-stimulation productivity, and the effect 
will be more pronounced at higher injection rate. 
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5 CONCLUSIONS AND RECOMMENDATIONS 
 
5.1 Conclusions 
The acid fracturing model coupled with the reservoir model presented in this study enables 
simulation of the acid fracturing treatment and production in naturally fractured limestone 
reservoir. This model, compared to the existing models, accounts for acid flow and reaction, and 
conductivity generation in both the hydraulic fracture and the natural fractures. The model 
simulates the realistic leakoff behavior during acid injection by modeling the acid flow through 
the porous media from the fractures into the reservoir, instead of assuming the leakoff rate 
reduction with time as a function of inverse square root of time as defined by Carter’s model. The 
model accounts for the interaction of the natural fractures during acid injection, so that the leakoff 
of the individual natural fractures depends on their location and spacing.  The simulation results 
show that the presence of the natural fractures may enhance the acid fracturing stimulation 
efficiency due to additional conductivity generated by the etching of the natural fractures. To 
enhance the well productivity in naturally fractured limestone reservoirs, the parameters, such as 
injection rate and volume of acid, can be adjusted during the treatment. The results of this study 
can be used for design and optimization of the acid fracturing treatment in naturally fractured 
carbonate reservoirs. 
The model uses a domain that contains a rectangular reservoir with a well that is located in 
the center. The well is intersected by a bi-wing vertical hydraulic fracture, which is intersected by 
transverse natural fractures. The simulation domain represents one quarter of the reservoir. Acid 
flow velocities in the hydraulic fracture are determined using the theory of laminar flow between 
parallel smooth plates. It is assumed by the model that a portion of the injected acid flows from 
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the hydraulic fracture into the intersecting natural fractures and then leaks off through their walls. 
The rest of the acid leaks off through the hydraulic fracture walls and exits through the fracture 
tip. The leakoff is calculated by modeling the acid flow through the porous media from the fracture 
into the reservoir in direction perpendicular to the fracture plane for both the hydraulic fracture 
and the natural fractures. The amount of acid loss into the natural fractures is defined by the natural 
fracture leakoff assuming zero efficiency fractures. The total leakoff is restricted by the injection 
rate, and it is assumed that acid propagation along the hydraulic fracture is limited by the leakoff. 
Hence, at the initial time of acid injection if the leakoff is high and is equal to the injection rate, 
the acid does not leakoff across the whole hydraulic fracture but only propagates a certain distance 
from the fracture inlet. As a result, stimulation of the natural fractures happens sequentially in time 
in the order of the fractures’ location relative to the hydraulic fracture inlet.  
Based on the resolved velocity field, the acid concentration distribution along the hydraulic 
fracture is obtained. The resolved concentration is averaged across the width as the diffusion term 
is expressed by the mass transfer coefficient. The acid concentration profile inside the natural 
fractures is obtained analytically and is based on the flow rate and the concentration of the acid 
flowing into the natural fracture from the hydraulic fracture. The resolved concentration profile in 
the hydraulic fracture and in each of the natural fractures determines the etching of the fracture 
walls and the fracture width increase during the treatment.  Based on the final width obtained 
during the stimulation, the conductivity of the hydraulic fracture and of the natural fractures is 
estimated using Mou-Deng correlation.  
After the acid fracturing treatment, the production is simulated by modeling the fluid flow 
through the porous media, including the hydraulic fracture and the natural fractures, from the 
reservoir into the well. Stimulated fractures provide conductive path for the fluids to flow more 
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easily towards the well resulting in higher productivity and a negative skin factor compared to the 
productivity in unstimulated reservoir. The estimated well productivity and skin factor are used to 
evaluate the acid fracturing stimulation efficiency in naturally fractured carbonate reservoir. 
One of the main features of the current model is that the natural fractures are allowed to 
interact with each other as the acid leaks off making the pressure to change in the reservoir 
surrounding the fractures. Therefore, the current model does not impose limitations on the fracture 
spacing, as the use of Carter’s leakoff model does. The leakoff rate of individual natural fractures 
is found to be a function of the fracture spacing, location, and reservoir permeability. Another 
feature of the current model is that the leakoff flow rate does not necessarily decrease with time, 
unlike what Carter’s leakoff model predicts. It is observed that leakoff rate may increase initially 
as the fractures being stimulated.  
The effect of natural fracture geometry and spacing, reservoir permeability, and treatment 
conditions on acid leakoff, fracture conductivity and well productivity is analyzed. The role of the 
natural fractures on the stimulation efficiency is evaluated by comparing the results with the case 
when no natural fractures are present in the reservoir. It is found that the conductivity of the 
hydraulic fracture has the major effect on the productivity. However, the presence of the natural 
fractures may enhance the post-stimulation productivity by contributing to the overall 
conductivity. The simulation results show that natural fracture length and spacing have a 
significant effect on performance of the treatment. The post-stimulation productivity decreases 
with increasing natural fracture length. Also, the stimulation efficiency in a naturally fractured 
reservoir drops significantly and becomes lower than the one in a reservoir without natural 
fractures when the natural fracture spacing is either very small or very large. The effect of the 
injection rate and acid volume on productivity is investigated, and the results show that the 
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productivity can be increased by increasing the injection rate; however the results can be opposite 
in a high permeability reservoir. When formation permeability is high resulting in high leakoff 
during acid fracturing treatment, the post-stimulation productivity can be enhanced by increasing 
the total volume of acid injected.  
The model enables better understanding of the acid fracturing performance in naturally 
fractured carbonate reservoirs. The model also simulates more realistic leakoff behavior compared 
to the conventional leakoff model, which improves the accuracy of the results.  
5.2 Recommendations 
The current model assumes initial fracture geometry that is the final geometry achieved 
during the pad injection phase of the treatment. The model also assumes preexisting natural 
fractures with initial length, width, and height.  The major limitation of the model is that it does 
not incorporate the geomechanical effects. A more realistic approach would be to couple the 
existing model with the geomechanical model to simulate the initiation of the hydraulic fracture 
during pad injection and then the fracture propagation with time throughout the treatment. This 
approach would also allow to add the natural fractures to the system as they are being intersected 
by a propagating hydraulic fracture. Adding the geomechanical effects would allow to estimate 
the width of the hydraulic fracture and of the natural fractures based on the pressure inside the 
fracture and the stresses in the formation.  
Another recommended improvement to the model is to modify the solution for the velocity 
field in the fracture to handle a non-Newtonian fluid. In addition, the velocity and acid 
concentration profiles inside the natural fractures has to be resolved numerically to remove the 
limitation of Newtonian fluid flow. This modification would allow the simulation of the multiple 
fluid injection during the treatment including pad and viscosified acids. The acid concentration 
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solution can be modified by resolving for the concentration at the fracture walls to incorporate the 
effect of reaction rate on the solution. By adding this modification to the model, the acid fracturing 
can be simulated for dolomite and mixed mineralogy formations, including non-reactive layers.  
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